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The Time-Evolution Operator

The time-evolution of a wavefunction is determined by the effect of a time evolution operator
through the relation

V(7 t) =U(t)¥(r, t), with U(0) = 1. (1)
Using this in the Schrédinger equation
L0 . L (0 . .
zha\ﬁ(r,t) =HY(7,t) = ih aU(t) U(7,0) = HU(t)¥(7,0), (2)
yields the differential equation for U
0
zhaU(t) =HU(t). (3)

If H is independent of time, the solution is the simple time dependent phase factor of a stationary

state ‘
U(t) =e ', (4)

Since the stationary state W(0) is an eigenfunction of H with eigenvalue F,

Ut)T(0) = e #7W(0) = e 5 E1T(0). (5)

When the Hamiltonian is a general function of time

Ut) = U(0) - % /O H (YU (t')dt. (6)

The solution to this integral equation can be obtained by interation. The first order approximation
can be obtained by substituting the zero order approximation U(0) = 1 into the integral

Ut)=1- ;/0 H(t')dt'. (7)

The second order approximation is obtained by replacing U(t) in the integral with the first order

expression
-t SN2 et et
U(t):l—i / H(t’)dt’+<—z> / / H(EYHE")dt" at’, (8)
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and so forth

Ut) =1 - ;/OtH(tl)dtl + <—;>2/0t /Otl H(t VM (ts) dt: dts
+ <—;>3 /0 t /O ! 0t2 H(t ) H(tsYH(ts) dty dia dts + -, (9)

When H = H, + V(t), U(t) can be written in the form
U(t) = Uy(t)Uy(t), where Uy(t) = e~ ", (10)

Using this definition in the Schrodinger equation yields

0 0
ih [((%U(,) Uy, + U, ((%Uvﬂ =HU,U, = H,U,U, + V(t)U,U,. (11)
Then, (?77?) leads to
0
HUU, + ihanUv = HoUUy + V(t)UoUv ) (12)
or simply
ihUO%Uv =V(t)U,U, . (13)
Operating on the left with U;r yields the relation
0
mémqu@mmzwmw@ (14)

where V() is the Heisenberg representation of the operator V(t). Solving the resulting integral
equation by iteration yields

Un(t) = 1— ;/Ot Vir(t1) dty + (-2)2/; /Otl Vi (40) Vit (t2) dt dts
4 (—2)3/; /Otl /OtQ Vi (42)Vir (1) Vi (t) diby dbs dts + - - (15)

When there is no applied time-dependent electromagnetic field or other perturbation, then the
Hamiltonian may consist of two terms: one large operator H, for which the eigenstates can be
found, and one small operator V = constant operator considered to be a perturbation. Then the
expression for U is again 7?7 but the time dependence of the integrands is particulary simple.



Expansion of ¥ in a basis of pseudo-stationary states

Commonly, we know only the set of eigenstates [¢; : | =1,2,...] of an approximate time-independent
Hamiltonian H,, with Hy,¢; = €;¢;. Even when the total Hamiltonian has no time dependence, ¥
will be a time-dependent linear combination of the basis functions. Suppose that H, = Hq + Hp,
where H), represents a small time-independent perturbation, such as spin-orbit coupling. Then

w(t) =3 eelin = S enlt)lka) | (16)
k k

where the set of coefficients [cx] is determined by perturbation theory or a variational approach,
and the subscript a on the index k indicates that the function |k,) is an eigenstate of H,. Using
the concept of a vector space, the set [|k,) ] is presumed to be a complete basis for the description
of any state vector |¥). An important general expression for the coefficients is

cr(t) = (ka|¥(2)) (17)

which is simply the projection of ¥ on to the |k,) axis. Now suppose that we know that at time
t = 0 the system is in a definite eigenstate of H,, that is ¥(0) = |l,). We also know that

U(t) = U)T(0) = UT, . (18)

So,
cx(t) = (k¥ (1)) = (k|UWo) = (ka|Ulla) = Uk - (19)

The zero-order expression for c(t) arises from the zero-order approximation for U, that is U(t) =
U,U, =U,. Then

cr(t) = (kalUolla) = (kale™ #7at1y) = ™ 50 (kqly) = e~ 705y . (20)
So, the state of the system does not change. The first order term in U, contributes

) t i i ’
u(0) = Gl (5 [Py ar ) 1) (21)
0

or
. ) t X .
cx(t) = —%e‘%m / (kalen et Hye~ a7t |1,) dt’ (22)
0

or

? —18175 ! 1(5k—el)t’ / ? —18115 —ih 1(Ek—€l)t
a(t) = —pe F k) | e dt’ = — e F M My L) (eh _1) :

€k — €

The probability of the state |k,) is

) = gl i) (1= o (95 22) ) (24

(e — €

which is just the first-order time-independent perturbation result. This looks pathological as (e —
1) — 0, but it really is not since cosz = 1 — 22/2 + ---. The most useful application of this
expression is for the case of ¢, — ¢ =~ 0. Then

[l 1) 2

en(t)]? = HE (25)



U(t) for the EM Field-Matter Interation

It is customary to consider the interaction between the electromagnetic field and matter to be weak
relative to the interactions among the matter particles themselves, and this is certainly the case
for typical nonlinear optical phenomena. Therefore, we write

H=Hpn+Hi(t)+Hp, (26)

where H,, describes the matter, Hp describes the field and Hj(¢) describes the interaction. If
H;(t) = 0, then H has two independent terms, so the total wavefunction is a simple product of
matter and field states,

U(t) = ()§(t) - (27)

We will assume that the Schrodinger equation for the matter has been solved and that the wave-

function for the matter is
() =Y alt)pr =Y alt)lm) (28)
! l

which describes a wave packet or coherent superposition of the stationary state solutions [|k,)].

The field wavefunction is
¢ = H k) H |0kr) (29)

where k ranges over modes of the radiation field that are of interest and k' refers to all other
modes. A coherent state function would be prefered, but the number state function makes the
algebra simpler. The coherence of the radiation field can be handled at a later stage.

The total Hamiltonian is

Ne+Nn 1 ~ 9 Ne~+Nn G modes ) 1
_ — [p—qA *,t} i hew - 30
H lz; S [pz QA(r,t)| + z;é; Treurs) + Zk: W\ apar + 5 (30)
= i

Considering the interaction of the radiation field only with the electrons, the interaction energy

operator is
Ne Ne 2

= — (- A0 + A0 i) + > o AL - A1), (31)
and the total Hamiltonian is
H = nff nf B () + mzd: ik <aT a + 1) (32)
2my Py AeoTj - k 2/’
or
H=Ho+H(t)+HF. (33)

A time-evolution operator is now
U(t) = Us(£)U,(t), where Uy(t) = e~ #(HotHr)t (34)

and U, is defined by eq. 16.
The operator
Vi (t) = UL()H1 (1)U (1) (35)

must now be carefully defined. First, specify H; precisely. The term involving A? will be ignored
as not being important for this discussion. Since we are working in the Coulomb gauge V- A = 0,
and

—,

ﬁﬁ:—mﬁﬁ:—m[(ﬁ )+ A V| =—ihd - V=4.-F (36)



as an operator relation. Therefore,

e - s
A(T[, t) *prL- (37)

3R

o3
=1

This is refered to as the momentum form of the interaction Hamiltonian. The vector potential A is
a simple multiplicative operator as far as the matter states are concerned but contains annihilation
and creation operators for the field states. So, consider only the matter operators for the moment.
Using p; = —ihV_} as an operator on a matter state |l,,,) chills the spine. Fortunately, the simple
commutator relations

[, pa] = [y, py] = [2,p:] = ih, (38)
[z, p3] = 2ihpe, [y,p;) = 2ihpy, [2,p:] = 2ihp. (39)
provide a way to replace p’ with 7. We will need to evaluate integrals of the form (k. |pj|ky,). Using

Ne

. B 1 o o9 2ihp;
[7’],7‘(0] - ZZ; Qm[rwpl} - om ) (40)
we find that m m
(K'|pilk) = %<k/|[ﬁ7Ho”k> = ﬁ<k/|ﬁHo — Horilk) (41)
or m
(K'|pi|k) = 7 (B — Ep) (K |rilk) = im(wy, — wi) (K |71 k) = imwp (K |71] k) . (42)

More thoughtful analyses yield the same result. This replacement of p’ with 7 will be used later.

Notice that H is a sum of one-electron operators. Electrons interact with the field individually,
and the results are additive. Without any loss in generality, the interaction of only a single particle
will be considered.H;. Thus

2 -
Hr=—CAF 1) - F. (43)

m

Now, turn to the quantized field operator A. From an earlier discussion,

modes ~ ~
A(T)t) = Z A, [aje}ez(kj-rfwjt) + a';!—e}e*l(kj-’r‘fwj‘t) ) (44)
J
Both creation a and annihilation a operators appear for all the polarizations and wave vectors
k. In a two-photon process, governed by the second term in equation 16, many products of these
operators would appear. We can restrict the contributions to A to only those operators which

yield changes in the field which are measurable or expected. Thus, for a two-photon absorption of
photons of modes (w1, €1) and (we, €2), we can use

A t)=Aja;€ gilkr-f—wit) 4 Ap agefgez(’;?'f_“’?t) . (45)

Similarly, for sum-frequency generation (or second harmonic generation), photons of modes (w1, €1)
and (we, €2) are annihilated, and one photon of mode (w3, €3) is created. So, we can use

ff(F, t)=Asas€; gilkrT—wit) + Ay agefgei(’g?'f*“’?t) + Ag a;efge*"(lgf?'f*”?t) ) (46)
All this can now be used to construct Vg,

Vig(t) = UL () H; () Us(t) = e i Mot Hr)tqy (p)er (HotHr)t (47)



Continuing,
— L (Ho+Hp)t 2e - Sl L (Ho+Hp)t
Vi (t) = e sV —— A(F)t) - p| e\
m
We are now ready to make use of the second order term for U, (),

1

2 rt oty
U, (t) = <_h> / VH(tl)VH(tz) dty dts .
0 Jo
First, consider how this operator will be used. From 77,

U(t) = U(t)p(0)£(0),

(49)

(50)

we see that we need to specify the initial state of the system. Ordinarily, this would be given as
|a)&,, where |a) is a stationary state of the matter Hamiltonian and &, is a product of number
states of the field. We will be looking for evidence of a particular final state |f)&;. Thus, we want

to project W(t) onto the |f)&; axis. Generally,

U(t) =Y alt)lka) =U®)P(0)£(0),

l

S0,
cp(t) = (fEr1W () = (f§5IU(1)]aga) = Uga -
Using the product form for U yields

Usa = {fE£1Us(t)Us (t)]aka) = {fEsle™ #PAM0 U, (1)]aks) .
Operating to the left with U,,

Usa = e 7P £E4|U ()] aka) -

Using only the second order term for U,

Upa = e R &4 |U (1) aka)
Continuing
-\ 2 ) t rt1
Ufaz(—;) it [ [ e Vinte) Vit lage)
0 JO

we arrive at the glorious equation

Uga = ( ;)2 e~ nEst
t 1
J
If we use the third-order term for U,, we arrive at the even more glorious equation
i\’ —iEt
= (-3)

tortrta ; 2 - ex
**(H0+HF)t1 _aE — = e — =
[ e XA o] A5

[\

2e - i
|:—T§A(7?, t3) ]5i| eﬁ(H°+HF)t3 \afa> dty dto dts .

t i 2e - 2e - i
[ el |2 G ) ] | -2 A7) 5] e P ) .
0

(51)

(52)

(57)



And gloriouser sill is the fourth-order equation

Ufa = <—i>4 Rt
LI e [ o [ o

[_A( 5) - p] [_A( NE p] w (ot Me)la e ) dty diy i dty . (59)

Two-Photon Absorption

To find the probability of finding the system in state |f{f) at time ¢ we need to take the absolute
square of the glorious equation. To evaluate

N2
Ufa = <—;> ei%Eft
2e - 2e i
[ [ eimtse -2 amn o] -2 ] loged i dia, (o0

we will insert a complete set of states between the two operators

Soesl -2 A 5 ligie | -2 A ) -] lasa) . (60

J
Focusing on just the t9 integral,

2 t S i
_ <€ <]£J’ [Afalﬁ} ik T—wits) + Agageye’ i(kg -7 wgta)} .maé’a)egEatQ dto
m

0
2e [ i i
== [ (j§lArasere’Freit)plag Yen etz gty
m Jo

2¢ [ e .
=2 el Azaser e BT L plag yen ot dry . (62)
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Thus, we have two different time-orderings: w; followed by wo and vice versa.



