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Abstract: We present discrete energy decay results for the Yee scheme applied to Maxwell’s
equations in Debye and Lorentz dispersive media. These estimates provide stability conditions for
the Yee scheme in the corresponding media. In particular, we show that the stability conditions are
the same as those for the Yee scheme in a nondispersive dielectric. However, energy decay for the
Maxwell-Debye and Maxwell-Lorentz models indicate that the Yee schemes are dissipative. The
energy decay results are then used to prove the convergence of the Yee schemes for the dispersive
models. We also show that the Yee schemes preserve the Gauss divergence laws on its discrete
mesh. Numerical simulations are provided to justify the theoretical results.
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1 Introduction

The Yee scheme, is a finite difference time domain (FDTD) numerical technique for the discretiza-
tion of Maxwell’s equations in a non-dispersive medium such as free space. It was first presented
in [34]. The Yee scheme was extended to discretize Maxwell’s equations in linear dispersive media
and analyzed in a series of papers [4, 8, 12, 17, 18, 19, 30] involving dispersive media models such as
the Debye [13, 19], Lorentz [17, 29], cold plasma [12, 35] and cole-cole [8, 11] models among others.
Fourier analysis of the Yee scheme in such dispersive media (see for e.g. [4, 30]) indicate that the
Yee scheme is stable under the same stability condition as that in a corresponding (having the
same relative permittivity) non-dispersive dielectric. However, the Yee scheme in dispersive media
is dissipative, unlike its counterpart in a non-dispersive, non-conductive medium, and in addition is
more dispersive [5, 31]. The time step in the Yee scheme needs to be chosen to resolve all the time
scales associated with a particular dispersive medium such as relaxation times, resonance times,
and incident wave periods [31]. Maxwell’s equations in such media have been shown to constitute
a stiff problem and the time step needed to resolve waves in the numerical grid can be extremely
small [31]. Research on the construction and analysis of Yee type finite difference time domain
methods for Maxwell’s equations in dispersive media is an area of active interest. We refer the
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reader to the book [32] and the numerous references therein for an introduction to the Yee scheme
and its properties.

In this paper we present for the first time an analysis of the Yee scheme in Debye (Maxwell-
Debye) and Lorentz (Maxwell-Lorentz) media by deriving energy decay results that indicate the
conditional stability and dissipative nature of the schemes. We also present a full convergence
analysis of the Yee schemes for the Maxwell-Debye and Maxwell-Lorentz models using the derived
energy decay results. Energy methods based on variational techniques for analyzing stability and
convergence properties of the Yee scheme in a lossy non-dispersive medium and operator splitting
FDTD techniques have recently been published in the literature, see for example [6, 9, 14]. Finite
element methods (FEM) and discontinuous Galerkin (DG) methods for Maxwell’s equations in
various dispersive media have also recently been published, for example see [1, 15, 20, 21, 22, 23,
24, 25, 33| and references therein.

We construct exact solutions based on numerical dispersion relations for the Maxwell-Debye
and Maxwell-Lorentz models which are useful in understanding the decay of discrete energies in
numerical methods for these models. We use these exact solutions to justify our stability and
convergence analyses in our numerical simulations of the Yee schemes.

The outline of the paper is as follows. In Section 2 we present two dispersive media models
and construct the Maxwell-Debye model and Maxwell-Lorentz model in two dimensions. We recall
energy decay results for these models from the literature [22]. In Section 3 we outline the discrete
meshes and spaces that the electric, magnetic and polarization fields are discretized on and establisg
discrete curl operators and their properties. In Sections 4 and 5 we recall the Yee schemes for the
Maxwell-Debye and the Maxwell-Lorentz models, respectively. For both models we show that the
corresponding Yee schemes are second-order accurate in time, establish discrete energy decay results
and prove the conditional convergence of the corresponding Yee schemes. In addition, we show that
these schemes satisfy the Gauss divergence laws on the discrete Yee mesh. Numerical simulations
based on exact solutions are presented in Sections 6 and 7 that justify the stability and convergence
analyses. Finally, conclusions are made in Section 8.

2 Maxwell’s Equations in Dispersive Dielectrics

We consider Maxwell’s equations which govern the electric field E and the magnetic field H in a
domain  C R? from time 0 to T given as

8;?+JC7S—N10V><B:OinQ><(O,T), (2.1a)
%?JerE:Oian(O,T). (2.1b)
V-D=0=V-BinQx(0,7), (2.1c)
nxE=0o0n0Qx(0,T), (2.1d)
E(0,x) = Eo; H(0,x) = Hy in Q. (2.1e)

The fields D, B are the electric and magnetic flux densities respectively. We have J., = J. + J,
where J. is a conduction current density and Jg is the source current density. We will assume
J. = 0 in this paper, as we are interested in dielectrics with no free charges. We also assume
that J; = 0, i.e. there are no sources in the material. On the boundary, 92, we impose a perfect



conducting (PEC) boundary condition (2.1d), where the vector n is the outward unit normal vector
to 0. Lastly, we add initial conditions (2.1e) to the system.

Within the dielectric medium we have constitutive relations that relate the flux densities D, B
to the electric and magnetic fields, respectively, as

D = cpec E+ P, (2.2a)
B = uoH, (2.2b)

where the constants €y and g are the permittivity and permeability of free space, and are connected
to the speed of light in vacuum, cg, by ¢y = 1/\/éofio. The quantity P is called the electric
(macroscopic) relaxation polarization, and the coefficient €, is called the infinite frequency relative
permittivity.

The constitutive law (2.2a) incorporates the effects of electric polarization, which is defined as
the electric field induced disturbance of the charge distribution in a region [2]. This polarization
may have an instantaneous component as well as ones that do not occur instantaneously. The
relaxation polarization P is the non-instantaneous part of the electric polarization and usually has
associated time constants [2]. The presence of instantaneous polarization is accounted for by the
coefficient € in the constitutive relation (2.2a). We neglect any additional magnetic effects and
assume that the magnetic constitutive relation (2.2b) for free space is also valid in the dispersive
medium.

To describe the behavior of the media’s macroscopic electric polarization P, a general integral
equation model is employed in which the polarization explicitly depends on the past history of the
electric field [2]. The resulting constitutive law can be given in terms of a convolution involving a
displacement susceptibility kernel g as

P(t,x) = /0 g(t — s,x)E(s,x)ds, (2.3)

inside the dielectric. Here, we consider polarization mechanisms for which, in the time domain,
the convolution (2.3) describing the polarization can be converted to an ordinary differential equa-
tion (ODE) or systems of ODEs governing the evolution of the relaxation polarization driven by
the electric field [2]. In particular, we consider two popular models: the Debye model [13] for
orientational polarization and the Lorentz model [29] for electronic polarization.

2.1 Debye Media: Model and Energy estimates

To model wave propagation in polar materials, like water, we use the single-pole Debye model in
which the susceptibility kernel in (2.3) is

ot x) = M%T—foo)e—t/r' (2.4)
This gives a model for orientational polarization [19] and can be re-written as an ODE in time
forced by the electric field
opP .
Tof + P = epenc(eg — 1)E, in Q x (0,T). (2.5)
In equation (2.5) the parameter € is called the static relative permittivity. The ratio of static
to infinite permittivities is denoted as ¢, := “=. In general 7, €4, and €, can be functions of space,

€co




but we assume here that all parameters are constant within the medium, €, > €y, i.e. ¢4 > 1 and
T>0.

To construct a model for electromagnetic wave propagation in a polar material in two dimen-
sions, we make the assumption that no fields exhibit variation in the z direction, i.e. all partial
derivatives with respect to z are zero. The electric field and polarization then have two components
each, E = (E,, E,))T,P = (P, P,)T and the magnetic field has one component H, = H. Com-
bining (2.5) with the constitutive relations (2.2a) and (2.2b), and substituting in the Maxwell curl
equations (2.1a) and (2.1b) we get the following system of partial differential equations which we
call the 2D TE Maxwell-Debye model :

0H 1

e i curl E, (2.6a)
OE 1 -1 1
— = curl H — (g )E + P, (2.6b)
ot €0€0 T €0€o0T
P -1 1

87 = ME - ~P, (2.6¢)
ot T T

where for a vector field, U = (Uy, Uy)T7 the scalar curl operator is curl U := 88% — aa[; z and for a

T
scalar field, V', the vector curl operator is curl V := (%—‘;, —%) [27]. All the fields in (2.6) are
)T

functions of position x = (x,y)" and time t.

We first show that system (2.6) along with the PEC boundary conditions (2.1d) and initial
conditions E(x,0) = Eq(x), P(x,0) = Po(x) and H(x,0) = Hy(x) for x € Q C R? is well-posed.
To this end, we define the following two function spaces:

H(curl, ) ={ue (L2(Q))2 | curl u € L*(Q)}, (2.7)
Hy(curl,Q) = {u e H(curl, Q) | n x u=0}. (2.8)
Let (-,-) denote the L? inner product and || - || the corresponding norm. Multiplying (2.6a) by
pov € L(9), (2.6b) by egesou € Ho(curl, ), and (2.6¢) by w € (LQ(Q))Q, integrating

€0€co(€g — 1)
over the domain 0 C R? and applying Green’s formula for the curl operator

(curl H,u) = (H,curl u), Yu € Hy(curl, ), (2.9)

we obtain the weak formulation for the 2D Maxwell-Debye system of equations (2.6)
OH
<'u08t’ v) = (—curl E,v), (2.10a)

<6060088]?,11> = (H,curl u) — <606°°(6q_1)E,u> + <1P,u> , (2.10b)

T T

(ememar™) = (75%) - (o) (2:10)

The following theorem shows the stability of the 2D Maxwell-Debye model (2.6) by showing that
the model exhibits energy decay (also see [20, 22]).

Theorem 2.1 (Maxwell-Debye Energy Decay) Let 2 C R? and suppose that the solutions
of the weak formulation (2.10) for the 2D Mazxwell-Debye system of equations (2.6) satisfy the

reqularity conditions B € C(0,T; Ho(curl,Q)) N C*(0,T;(L?(Q))?), P € C'(0,T; (LQ(Q))Q), and



H(t) € CY0,T;L*Q)) along with PEC boundary conditions (2.1d). Then the system ezhibits
enerqy decay,

Ep(t) < Ep(0), Vit >0, (2.11)
where the energy Ep(t) is defined as

1
2

£nlt) = (W we,+ e w0l + |- P@@ 1)

Proof. By choosing v = H, u = E, and w = P in (2.10), and adding all three equations, we
obtain

LdEA(t oo(€g — 1 1
Ldep(t) _ (curl E, H) n (H curl E) — (wEE) n (—P,E)
+ <1E P) - (—1 P.P) ‘
T T€0€oo(€g — 1)
| —€0€o(€g — 1) 2 B 1
N T (E’E> + T (P’E> T€pEso(€g — 1) (P’ P) (2.14)
-1 )
D) {(P,P) — 2egeno(eq — 1) (P,E) + (coeoo(€q — 1)) (EE)} (2.15)
-1
= |leo€co(eg — 1)E — P||%. 2.16
eIl ~ DE P (2.16)
Thus, we finally have
dE3 (1) -2 2
- P — cpens(es — DE|2 < 0. 2.17
P P~ ol — DEIE < (217)
In particular, we have
_ P — egeol(eq — 1E|2 < 0. 2.18
dt <5D(t)(7'eoeoo(eq = 1))) I[P = coceoleq = DI < (2.18)
Therefore the energy, Ep(t), is decreasing and Ep(t) < Ep(0), V¢ > 0. [ |

In [22], it is also shown that the Gauss laws are satisfied by the Maxwell-Debye system if the
initial fields are divergence free.
The 2D Maxwell-Debye TE scalar equations derived from (2.6) are given as

O0H 1 (0E, O0FE,
S - 2.19
ot o < Ay Ox > ’ (2.19)
0E, 1 0H (e—1) 1
— - _ E, P,, 2.19b
ot €0€c0 8y T + €0€caT ( 9 )
O0E, 1 0H (e—1) 1
—_— = - -— - E —PF, 2.19
ot €0€s0 O T vt €0€ooT ( 2
0P, _ cocoo(q=1) pp 1 (2.194)
ot T T
0P, epexo (€ — 1) 1
L= LB, - P, (2.19e)



2.2 Lorentz Media: Model and Energy estimates

For Lorentz Media, the choice of the kernel function is
2
€W )
g(t,x) = —L2e7H27 sin(vyt), (2.20)
0
where w, := wov/€s — €x is the plasma frequency, wq is the resonant frequency of the medium,
1
A := — is a damping constant, and vy = \/w3 — A\2. The Lorentz model for electronic polarization
T
in differential form is represented with the second order ODE forced by the electric field given as
o*P L 1op
otz 1 0ot
Rewriting the above second order ODE as a system of two first order ODE’s by introducing a new
variable Jp = %—1;, the 2D TE Maxwell-Lorentz model is

OH 1

+ wiP = e E. (2.21)

E = —% curl E, (2223)
E 1 1

9B _ curl H — Jp, (2.22Db)
ot €0€00 €0€00

aJp 1

W = —;JP — (.USP + 60W§E, (2220)
opP

— =Jp. 2.22d
5 = Ip (2.22d)

All the fields in (2.22) are functions of position x = (x,4)? and time t. For the Maxwell-Lorentz
system (2.22) we obtain the weak formulation

<Hoaalt{, U> =—(curl E,v), Yv € LQ(Q), (2.23a)
OE
(eoeooat, u> = (H,curl u) — (Jp,u), Vu € Hy(curl, ), (2.23b)
1 9dJ, B L B ; , )
<€0w§ ot ’W) a <€OW%TJP’W> <606oo(6q — 1)P’w> +(B,w), Yw e (L3(Q))", (2.23¢)
1 oP B 1 ) y
(eoeoo(eq—l)at’q> - (Wq_l)Jp,oO , Ya € (L5(9))". (2.23d)

The following theorem shows the stability of the 2D Maxwell-Lorentz model (2.22) by showing that
the model exhibits energy decay (also see [22]).

Theorem 2.2 (Maxwell-Lorentz Energy Decay) LetQ C R? and suppose that the solutions of
the weak formulation (2.23) for the Mazwell-Lorentz system of equations (2.22) satisfy the reqularity

conditions E € C(0,T; Hy(curl,Q)) N CY(0,T; (L*(Q))?), P,Jp € CH(0,T; (LQ(Q))Q), and H(t) €
CY(0,T; L3(2)) along with PEC boundary conditions (2.1d). Then the system exhibits energy decay,

Er(t) <&L(0), Vt>0, (2.24)
where the energy Er(t) is defined as
1
2

2 2 1 2 1 2
a1t = ([ 10+ v B0+ | s P+ | 7 w0

(2.25)



Proof. By choosing v =H, u=E, w =Jp, and q = P in (2.10), and adding all three equations,
we obtain

ldé’%(t) = (curl E,H) + (H,curl E) - (Jp,E) — <1Jp,JP> +(E,Jp)

2 dt 2
) ) 0T (2.26)
(——— P +<J,P>.
(eoeoo(eq - 1) P) €0€co(€qg — 1) 7
Thus, we have
dE3 (t) -2 9
= J <0. 2.27
= el < (2.27)
In particular, we have
= J <0. 2.28
dt 8[,(15)7‘60(0% ” PH o ( )
Therefore the energy, £1(t), is decreasing and E,(t) < £(0) V ¢ > 0. [ |

In [22], it is also shown that the Gauss laws are satisfied by the Maxwell-Lorentz system if the
initial fields are divergence free.

The 2D Maxwell-Lorentz TE scalar equations derived from system (2.22) on which the
Yee scheme is based are:

%if _ _ulo (%ny _ ?j) 7 (2.29a)
68]‘? = 60100 (88[; - Jpx> : (2.29b)
R (%Ij n pr) | (2:29¢)
8;?” = eowf)Ex — %Jpl — wng, (2.29d)
8;5 v = qwlE, — %pr — w2P,, (2.29¢)
a(;z = = Jp,, (2.29f)
86]} = Jp,. (2.29g)

3 The Yee scheme: Discretization in Space and Time

In this section we consider the finite difference time domain (FDTD) Yee scheme for discretizing
the 2D Maxwell-Debye (2.6) and 2D Maxwell-Lorentz models (2.22).

Consider the spatial domain = [0,a] x [0,b] C R? and time interval [0, T] with a, b, T > 0
and spatial step sizes Ax > 0 and Ay > 0 and time step At > 0. The discretization of the intervals
[0,a], [0,b], and [0, 7] is performed as follows [6]. Define L = a/Az, J =b/Ay and N = T/At. For
£,j,n € N we consider the discretizations

0o=t<tl<...<t"<...<tN=T1 (3.3)



where xy = (Az, y; = jAy, and t" = nAt for 0 </ < L,0<j < J,and 0 <n < N. Define
(Za,yp,t7) = (aAx, BAy,yAt) where « is either £ or ¢ + %, B is either 7 or j + %, and ~ is either
norn+ % with ¢, j,n € N. The Yee scheme staggers the electric and magnetic fields in space and

time. Fields E,, E,, and H are staggered in the z and y directions. We define the discrete meshes

7 ::{(a:g+%,yj)‘0§€§L—1,0§j§J}, (3.4)
B ::{(xg,ijr%)’OSESL,OSjﬁJ—l}, (3.5)
T,{{::{<we+%,yj+%)|0§€§L—1,0§j§J—1}, (3.6)

to be the sets of spatial grid points on which the FE,, E,, and H fields, respectively, will be
discretized. The components P, and Jp, are discretized at the same spatial locations as the field
E,, while the components P, and Jp, are discretized at the same spatial locations as the field
E,. For the time discretization, the components E, Ey, Py, Py, Jp, and Jp, are all discretized at
integer time steps t” for 0 < n < N. In the Yee scheme, the magnetic field, H, is staggered in time
with respect to E, and F, and discretized at time "tz for0<n <N —1.

Let U be one of the field variables H, E,, Ey, Py, P,, Jp, or Jp,, let (z4,ys) € T}{{,ThEI or Tfy,
and -y be either n or n—i—% with n € N. We define the grid functions or the numerical approximations

U;ﬁ ~U(t", xa,yp)-

We will also use the notation U(¢7) to denote the continuous solution on the domain € at time ¢7,
and the notation U7 to denote the corresponding grid function on its discrete spatial mesh at time
t7.

We define in a standard way (see for e.g. [3, 9]) the centered temporal difference operator and
a discrete time averaging operation as

s e

UO[ «
O3 o= (3.7)
1 1
ULy + UL
Top =~ (3.8)

and the centered spatial difference operators in the x and y direction, respectively, as

U’ U’

Y o O‘+%76 N a_Eaﬁ
0:U, g = AL , (3.9)
UW - U7 N
¥ L O‘7B+§ avﬁ_§
8,U7 5= x . (3.10)
Next, we define the following staggered discrete /2 normed spaces (see also [10])

Vi = {U il R U = (U1 542) 10l < 0}, (3.11)
Vg = {F TP X — B2 | F=(Fa,, F, )7 |Flls < oo} : (3.12)
R 1J+2
Vioi={Fevg| Fupoyo=Fopy, = Fyyy =Foy =0 0SCS L0 < 7}, (313)



where the discrete grid norms are defined as

L—1J-1
IF|% = Axay S (\FZH%J_F +1F, ., \2),\7 FecVg, (3.14)
=0 j=0
L—1J-1
U3 :AmAyZZWH%M%P,v UeVy, (3.15)
=0 j=0
with corresponding inner products
L—-1J-1
(F,G)p = AzAy (; 2% (Fopy Gy, + Fiyy Gy ) VG EVE, (316)
= ]:
L—1J-1
(UV)n = Acdyy ) U jriVerl 41, VUV €V (3.17)
(=0 j=0

Finally, we define discrete curl operators on the staggered [ normed spaces as
curl, : Vg o — Vg, curly F := 6, F, — 6, F;. (3.18)

and
curl, : Vg — Vg, curl, U := (6,U, -5, U)". (3.19)

The discrete differential operators mimic properties that are satisfied by their continuous counter-
parts. In particular, if the PEC conditions (2.1d) are satisfied on the discrete Yee mesh,
F, 10:er+ =F, =F, %:0,0§€§L,0§j§J, (3.20)

e+, Lo T Y4d L.j+
ie. VF € Vg, discrete integration by parts yields,
(curly E, H)y = (E, curly H)g. (3.21)

Thus, the discrete versions of the curl operators remain adjoint to each other, which is essential for
obtaining discrete energy estimates [3].

In Sections 4 and 5 we prove discrete energy estimates for the Yee scheme applied to the
Maxwell Debye model (2.19) and the Maxwell-Lorentz model (2.29), respectively. In addition, we
show that the Yee schemes for these media retain the second order accuracy in space and time
that the scheme enjoys in a non-dispersive medium. However, our energy decay results indicate the
dissipative nature of the Yee schemes in Debye and Lorentz media, as opposed to the non-dissipative
nature of the Yee scheme in a non-dispersive dielectric (also see [30, 4]). Our energy analysis shows
that the Yee schemes for the Maxwell-Debye and Maxwell-Lorentz models are conditionally stable
with the stability condition.

2c2 At?
h2
where the Courant number v = Q”TN. Then the stability condition (3.22) implies that v < %, and

<1, or 2v* -1 <0, (3.22)

we prove convergence of the Yee schemes under this criteria.
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4 Yee Scheme for the Maxwell-Debye System

4.1 Discretization

To discretize the 2D TE Maxwell-Debye system (2.19), in addition to staggering electric and mag-
netic components in space and time, the lower order terms are discretized using averaging. Using
the operators defined in (3.7), (3.8), (3.9), and (3.10), the Yee scheme for the 2D TE Maxwell-Debye
system (2.19) consists of the following discrete equations:

1 n n
R %(%E%%J% —6xEyZ+%YH%>, (4.1a)
+1 €qg — l—=n+1 1 —n4l
5 Ey 2 = —5,H " ? 2 2 4.1b
R Y 60600 €+ 59 T Terdi  Tegboo t+Ed ( )
&E = ——5,H i __F, "2 P, "2 4.1
t y“+7 60600 ¢, + T Yo+l + T€0€oo Jtitd’ (4.1c)
€0€co (€ — 1) —=na+1 1 1
5,P n+? = 0€co (€g )E:Jrz _ 7ﬁ:+2 ’ (4.1d)
Terd T vk T Tl
b ot = Dty Lpned
04 P, Vegr) = = Eyeﬁ% 7_Pyz,ﬁ%. (4.1e)
We can re-write this system in vector form as
5"+~ (cwrl,E)" = 0 o 4.2
¢ +M0 (curl E)" =0, on 7, (4.2a)
1 1 € — lenyl 1 —pyl
SE? = (curl, H)""2 — 2 _F""2 4 — P2 on e x o (4.2b)
€0€c0 T T€0€co
€0€co (€g — 1 1] 1
s pnts — Vool 7 ~ (¢ )En+2 —~P""2 on T x T:J : (4.2¢)
T T

4.2 Accuracy: Truncation Error Analysis

Similar to the Yee scheme in free space, the Yee scheme for the Maxwell-Debye system is also
second-order accurate in both time and space.

Lemma 4.1 (Yee Scheme Truncation Errors for Maxwell-Debye) Suppose that the solutions
to the two-dimensional Mazwell-Debye equations (2.6) or (2.19) satisfy the regularity conditions E €

C3(0,T); [C3@)]), P & C3([0, T [C(Q)])and H € C3 ([0, T); [C3(Q)]). Let &y €2, “*2,5”*2,5”*2
be the truncation errors for the Yee scheme for the Maxwell-Debye model (4.1). Then
1
mam{ n+2’ n+2 fp , {;jQ } <Cp (Ax2 + Ay? + AtQ) , (4.3)

where Cp = Cp (€0, [0, €co, €¢, T) does not depend on the mesh sizes Az, Ay, and At.
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Proof. We perform Taylor expansions and substitute the exact solution to obtain the truncation
errors for (4.1a) - (4.1e). We have

At? 93 H Ay2 agEm
€m)iigir = 55 a3 @erdo Yy lotin) + Y 05 (T4 1,911,1") w
B Az? OPE, (2 ) :
24 O3 Yt )
n+1i At? O3E. A2 3P,
(é-E:c) 273 — ﬂ at3$ (xe+%7 yj7t21) + — 24606 8t3 (117£+ 7y],t22)
4.5
Ay 83H( ey (4.5)
_ . :
24€0€00 OY3 g Y21t
ntl A2 93E, At? 3P,
(gEy)[Jj% = ﬂW(mfuyj+%7t31) + — Seves 98 (xg,y]+1,t32)
Az? O3H (4.6)
T depen 2egens O3 (x?’l’yﬁl’t )
41 At2 3P, At?epes (e, — 1) O2E
(gpa)n ; .3 (x£+ 7y]7t41) 0 OO( ! ) 233 (%4_1,?/3'71542)
24 ot 8T ot 2
A2 92P, (4.7)
+ == ]7 8t2 (x£+ 7y])t43)
n+i At? O*P, At?epeco (g — 1) O*Ey
(EPy>£,ij% = o4 o3 (xg,y]+1,t51) 207- ! o2 (aﬁg,yj+1,t52)
At? 9*P, (4.8)

+§ 82 (xe,yj+1,t53)

_1 1
where zp < 211 < 41, Y < Y11 < yjp, 772 < tyg < T2 Tp L S 31 S Tpy1s Yy 1 Sy <
Yjo1, 17 <ty < "t for i = 1,2, and " < ty;, ts; < t"H for i = 1,2, 3. n
2

4.3 Discrete Energy Estimates for Debye media

In this section we prove a discrete version of the energy decay property given in Theorem 2.1 for
the 2D Maxwell-Debye model (2.6). We assume a uniform mesh, i.e. Az = Ay = h > 0. Theorem
4.1 proves the conditional stability of the 2D Yee scheme for discretizing the Maxwell-Debye model
by showing the decay of a discrete energy in time.

Theorem 4.1 (Energy Decay for Maxwell-Debye) If the stability condition (3.22) is satis-
fied, then the Yee scheme for the Mazwell-Debye System (4.1) or (4.2) satisfies the discrete identity

1 -1 —ntl 1
SiEn TR = — lleo€oo(6q — DE" 2 =P 722, (4.9)

for all n where

NI

2

gf?,D = /’LO(HTL+2 H"™ )H + H\/ EOEOOEnHE (410)

E

defines a discrete energy.
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Proof. We consider the average of (4.2a) at n and n+ 1, multiply with AxAyH "+3 and sum over
all spatial nodes on T}{{ to get

oyl a4t
uo(étHTHQ , H"+%)H + (curlhEnJr2 , H"+%)H =0. (4.11)
We can rewrite (4.11) as

5 At (H™ 3, H™™ )y — (H™ 5, B 3) g} + (B 2, B ) = 0, (4.12)

We multiply equation (4.2b) with AmAyﬁn+§ and sum over all spatial nodes on T,?z X Tf Y to get

1 —1) —pil 1 1 oyl —pyl
60600(5tEn+%,En+2)E+M(En+2,ﬁ+2)]§—f(Pn+2,En+2)E
T T (4.13)

1 =nti
= (Curthn+27En 2)E7

which can be re-written as

€0€o00 n+1112 _ [|en|2 €0€co(€q —
0% IR — B} o+ e =)
1

(curth"+%,En+§)E.

1 1 1 __ .1
B2 — (P ET ) =
T (4.14)

1
Finally, we multiply equation (4.2c) by AxzAy P""2 and sum over all spatial nodes on

ET .U
T, " X 1,7 to get

€0€co (eq—l)

1 +1 1 —ptl 1 1 .1
(PP = (PR E ) - [P, (4.15)
€0€oo(€q — 1) T €0€oo(€q — 1)T

which can be re-written as
1 +1 —nyl 1 =n+i
{P G = [P|[a) = =P 2, B 2)p - P"2(|%. (416

€0€oo(€q — 1) €0€oo(€q — 1)T

Adding equations (4.12), (4.14), and (4.16), and using the definition (4.10) we have

1 1 —n+ i —n+l 41
R
| Oheo (4.17)
+ (eotoeleg = 1) E" 2|3}
We can rewrite this equation in the form
5}7:451_5}711[) 2 1 —n+1 —ntl
7 At — = 8”+1+5" €€ (6 _1)7_||€0600(6q_1)En : _Pn 2||2Ea (4'18)
h,D oo\Cq

which on utilizing the definitions of the time differencing and averaging operators in (3.7), and
(3.8), respectively, gives us the discrete identity (4.9) for Debye media. What is left to prove is that
the quantity defined in (4.10) is a discrete energy, i.e., a positive definite function of the solution
to the system (4.1).

Using the parallelogram law [3] we have

2
(Hn—l—%’Hn—%)H — i HHn-‘r% _‘_Hn—%H _ 1
H

(4.19)
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Using (4.2a) and the definitions of the time differencing operator in (3.7) we can rewrite the above
as A ) AR

1 t t

7 HH”+% g3 H = 16H" [y = = llewrl, B 7 (4.20)
Substituting equations (4.19) and (4.20) into the definition (4.10), and using the definition of the
time averaging operator in (3.8), we can re-write the discrete energy as

1
2) 2
ERp =4 tol[H" |3 + €oeoo (B, ALE")  + P , (4.21)
€0€xo(€qg — 1) =
where the operator Aj, : Vg o — Vg is defined as
2 At?
ARF = <I — = curly, curlh> F, VF € Vgy. (4.22)

In 2D with a uniform space mesh step size Ax = Ay = h, we have for all F € Vg the inequality

(3D,

lenrly B3, < 5 (1113 (4.23)

73|
from which we have

2 A2 AL
Coo (curl, F,curl, F)py = HFHZE .

(AyF,F)p = (F,F)p — || curly, F||%

8c2 At?
> [|F|[3 - ZOTHFHJZE = (1—-20°)||F|%.

(4.24)

Thus, if the stability condition (3.22) is satisfied, then 1 — 202 > 0 and the operator Ay, is positive

definite, and Sh p defines a discrete energy. We note that this stability condition is the same for

the Yee scheme apphed to a non-dispersive dielectric [32]. [

Remark: For a nonuniform mesh the stability condition is again the same as for the non-dispersive
1

case, i.e. v < —, with the Courant number

V2

1 1

V—COOAt Az N9 @

(4.25)

4.4 Convergence Analysis of the Yee scheme for the Maxwell-Debye Model

The technique to prove convergence of the Yee schemes is a classical one (see for e.g. [16] and
references therein) and employs the energy approach. To prove the convergence of the Yee scheme
for the 2D Maxwell-Debye system for 0 < n < N we define the error quantities

H* = H" — H(t"), (4.26a)

E" = E" — E(t"), (4.26b)
P =P" — P(t"). (4.26¢)
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As was done for the discrete energy estimate in the proof of Theorem 4.1, we obtain the following
identities for the Yee scheme for the Maxwell-Debye model in (4.2).

pobH" + curl ™ = &5, (4.27a)
—1)—ptl 1—ptl 1
egeoo5t5”+% — curlh’H”Jr% + €0€xo (cq )5n+2 B> L Z+2, (4.27b)
T T
1 1 11 4l 1
5P 4 prta _ Zgtts ;+27 (4.27¢)
€0€xo(€q — 1) €0€co(€q — 1)T T

1 1 1
where {7, and §;+2 = (5;?2, 2:2 ), for F' = E, P are the local truncation errors for the Maxwell-

Debye system as discussed in Lemma 4.1. We have the following result:

Theorem 4.2 (Convergence Analysis of Yee Scheme for Maxwell-Debye) Suppose that the
solutions to the two-dimensional Mazwell-Debye equations (2.6) or (2.19) satisfy the regularity con-
ditions E € C3([0,T]; [C*(Q)]?), P € C3([0,T]; [C(Q)]?) and H € C*([0,T];[C3(Q)]). Forn >0,
let H”+%, E" and P™ be the solution to the Yee scheme for the Mazwell-Debye system (4.1) or (4.2).

1 1 1 1
Also, let f?[ ,52:2 , fg—:Q , 52:2 , 5;:_2 be the truncation errors for the Yee scheme for Mazwell-Debye

(4.1) or (4.2) satisfying the conditions of Lemma 4.1. Assume that the stability condition (3.22)
is satisfied, then for any fired T > 0,3 a positive constant Cp = Cp(eo, po, €, €, V) depending
on the medium parameters and the Courant number v, but independent of the mesh parameters
At, Ax, Ay, such that

n 0 2 2 2
Og:laSXN {th7D} S th,D + TC’D(eo,MO’ €005 Eq’ V) (ACE + Ay + At ) ’ (428)

where the energy of the error at time t" = nAt, ERY, p, is defined as

1
2 2
ERY p = oM™ 2, H" 2 ) + [|[VeoesE" |5 + pr

4.29
€0€oo(€g — 1) ( )

E

Proof. We first note, based on the proof of Theorem 4.1, that the energy of the error (4.29) can
be equivalently written in the form

1
2 2

Pn

ERG p = 4 IIVBoH |7 + €0eoc (€, ARE™ ) +
€0€co(€g — 1)

: (4.30)

E

with the operator A;, as defined in equation (4.22).
Next, we follow a similar procedure to that done in the proof of Theorem 4.1. Multiplying

the average of (4.27a) at n and n + 1 by Aa:AyH”*‘é and summing over all spatial nodes on 77,

gl
multiplying (4.27b) by A:cAyé’n+2 and summing over all spatial nodes on T,fz X Tf Y multiplying

a1
(4.27¢) by A:UAyPn+2 on T,?”” X Tf Y and summing over all spatial nodes, and finally adding all the
results we obtain

N
[un

1 -1 el 1 1
SER, 1 ERnD" 2 = reoee Ty leoeos(ea - DET PR 4 (€ M )

T€pEco(€g — 1

=

1 1 1 __
+(Ep 2 )+ (6 2P )



15

Neglecting the first term we have

n+3 +1 —n+1 ntl 1, ntd " n
GERy b ERpp < |[Ey *[lullH +2HH+§H§E e (IEMe + 11E"|E)
1 mil (4.32)
+511€p ? e (IP"1s + 1P k) -
From (4.30) we have the following bounds
N _1 n
[H g < (1o) 2ER, p, (4.33a)
_1
1E™ |5 < (e0€oc(1 —20%)) "% ERT b, (4.33b)
1
[[P"|E < (€0eo(eq — 1))2 ERY, p- (4.33¢)

The inequalities in (4.33) give us bounds for the averaged electric and polarization terms as

1

2
1
2

_1 1
(1E"1E + [1€"15) < (cveos(1 — 20%)) 2 ERB D2, (4.34a)

1 1
(P15 + IP"Y|5) < (cveno(eq — 1)) ERp D" 2. (4.34b)

For a bound on H’H”JF%HH we note that since 12 = 7" + 8L, H™, we have

1 —n At
(12 < A N+ 5 160K (4.35)

Under the assumption of the stability condition (3.22) and the form of the (nonnegative) energy of
the error in (4.29) we have the inequality

2
1
—(H 2, H ) g < — ([ VeoeoE % + P (4.36)
Ho €0€oo(€g — 1) 5
Next, since ATtQH(StH”H%I =|H"1% — (H"Jr%,?-["_%)]{ we have from (4.36)
At? 1 ’
=105 < — |1y |[Fr + [l Veoeso™ I3 + P" (4.37)
Ho €0€co(€qg — 1) =
Substituting inequalities (4.33) (4.34), (4.35) and (4.37) in (4.32) we have
+l 1 _ +l +l +l +l
(@eRZ,D?)eRh,D”*? < (0 10, €x0r€q11) max{rf’,; i IS 1, 2HE}eRh,D :
(4.38)
where Cp = Cp(eo, [0, €x, €q, V) is a constant that depends on the medium parameters and

the Courant number v, but is independent of the mesh parameters At, Az, Ay. Dividing by
il
ERh7Dn+2 # 0, we get

41 41 41
ER}yp < ER} p + At Cp(eo, o, €cc, €q, v) max {IIEZ Ma e lle, 1€ HE} - (439)

Recursively applying the inequality (4.39) from n + 1 to 0 we have

n - Zkt3 k+3 K+
ERGp < ERyp + At Cpl(eo, o, €cc, €, V) (Z max {IISH e e *Mles llgp HE}> - (440)
k=0
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Using At =T/N and 0 < n < N — 1, and noting that the sum in the second term on the right in
(4.40) from Lemma 4.1 is O(At? + Az? + Ay?), we get

ERNp < ERY p + TCh(eo, 1o, €or €9, ) (AL + Ay® + Az?) . (4.41)

Note, we use C'p as a generic constant absorbing all constants that arise in the above inequalities.
Finally taking the maximum for n from 0 to N-1 in (4.41) we obtain (4.28). |

Remark 4.1 We note that the convergence result in Theorem 4.2 does not hold at the stability
limit v = % (see also [16]). It is shown in [26] that the Yee scheme in a non-dispersive dielectric

need not be stable at the stability limit. However, (3.22) provides a necessary and sufficient criteria
for the stability of the Yee scheme. (Also see [14]).

4.5 Discrete Divergence for the Maxwell-Debye Model
If the initial fields satisfy the Gauss divergence laws

V-D = p, (4.42a)
V-B=0, (4.42b)

where p is the electric charge density, then one can show from the Maxwell curl equations that
the Gauss divergence laws are satisfied for all time [28]. This is done by applying the divergence
operator to the Maxwell curl equations, using the fact that the divergence of the curl is zero and
utilizing the continuity equation (assume there are no sources, J; = 0), to get

dp

o TV Ie=0. (4.43)

It is well known that the Yee scheme for the Maxwell equations in free space (linear media) preserves
the divergence property of the solution at the discrete level [7]. We now show that this remains
true for the Yee scheme applied to the Maxwell-Debye system.

4.5.1 Discrete Divergence Operator
To define the discrete divergence operator, we define the discrete mesh of interior vertices
)= {(xey) ) 1 <L<L-1,1<j<J—1}, (4.44)

to be the set of spatial grid points on which the discrete divergence of an electric field, will be
defined. On the mesh 7, we define the staggered [* normed space

Vo={V:img —R|V=(V;), |[VI§ <o}, (4.45)
where the discrete grid norm is defined as
L—1J-1
VIR = Azay 33 (1Visl?). v v e Vo, (4.46)
=1 j=1
with corresponding inner product
L—1J-1
(V,W)o = Azdy Y3 (Vg,jwe,j)v V,W €V, (4.47)
=1 j=1

We define the discrete divergence operator on Vg o as

dth : VE’() — VQ, (dth F)&j = (5;,;Fz)g7j + (5yFy)gJ, V1<?(<L-— 1, 1< ] <J-1 (4.48)
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Lemma 4.2 (Discrete Divergence for the Maxwell-Debye System) For the Yee scheme ap-
plied to the Mazwell-Debye system given in (4.2) the discrete divergence of the initial grid functions
is preserved for allm > 0, i.e. we have the identity

divy, D" = divy, DY, on 7. (4.49)

Proof. We note that the discrete derivative operators ¢, 9, and J, commute. From the Yee

equations (4.2b) and (4.2c) we have on the mesh T,fz X T,fy,
5D 3 = 5 (eges B2 + P2 = curly, H. (4.50)

Therefore divy curly H = 6,6,H — 6,6, = 0. Thus, applying the discrete divergence operator
divy, to (4.50) we obtain

8, div, D"T2 = §,(€eso divy E™T2 + divy, P"T2) = divy, curl, H = 0, on 7. (4.51)

We finally have
div, D"™! = divy, D", on 75. (4.52)
Applying the identity (4.52) recursively in discrete time we obtain (4.49). ]

Remark 4.2 We note that for the 2D TE Mazwell model, the divergence of the magnetic flux
density is not defined. Thus, the divergence free or solenoidal nature of the magnetic flux density
is lost in the two dimensional model [27].

5 Yee Scheme for the Maxwell-Lorentz System

5.1 Discretization

The discrete approximation of the 2D Maxwell-Lorentz system (2.22) by the Yee scheme is

1 " .
o¢H €+2,]+% - m <5 E Topd il 635Ey +%7j+%)7 (5.13)
1 n+ n+1
0iEx, 5 = —— |0 H, 2 —J , 5.1b
= x“w €0€c0 < Y ZJrQJ Pa, %7j> ( )
2 i =" 0. H ’ Jp * ; 5.1c
= Yeith €0€co < tity - Pye,ﬁ% (5.1¢)
1 ]_in_i_l 7n+l
6 TL+2 _ 2E +2 - 2 _ 2P 3 1d
thz ey = €Wy H%J TJszlﬁj woPz, 5 (5.1d)
1*n—|-l 253N+
0 = E S 2 _ 2 1
tJPy“+1 0w, ye]_,'_l 7Py, Ypir1’ (5.1e)
+1 41
0iPant = Tp (5.1f)
1’+? +%J
n+1
0r P ye +1 = ’ (51g)
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We can re-write this system in vector form as

1
§:H™ + — (curl E)" = 0, on 7/, (5.2a)
Ho
SE"T2 = (curth)"+2 Jp" 2, on Tf‘” X 7’5 , (5.2b)
€0€c0
1 il lopgl 1
5,:JZ,+2 = eongn+2 — —T}jz — w%F’H_Q, on TEI X Tfy, (5.2¢)
T
— gl
(StPTH_% = Jpn+2, on ThEx X ThE . (52(1)

5.2 Accuracy: Truncation Error Analysis

The Yee scheme for the Maxwell-Lorentz system is also second-order accurate in both time and
space.

Lemma 5.1 (Yee Scheme Truncation Errors for Maxwell-Lorentz) Suppose that the solu-

tions to the two-dimensional Mazwell-Lorentz equations (2.22) or (5.1) satisfy the regularity con-
ditions E € 03([0 T] [03@)} ), P.Jp € C3([0,T);[C(Q)]?) and H € C3([0,T];[C3(Q)]). Let

fH ,§n+2 n+2,§JP ,§n+2 ) £n+2 ) §Z,+2 be the truncation errors of the Yee scheme for the Mazwell-
Lorentz model (5.1). Then

max {

where Cr, = CT, (€0, 140, €cc, €¢, T,wWo) does not depend on the mesh sizes Ax, Ay, and At.

n+2 n+2 n+2 n+2 n+2 n+2

1€ A |Can. | 6P,

} <Cp (A2 1 A + AP, (5.3)

Proof. We perform Taylor expansions and substitute the exact solution to obtain the truncation
errors for the equations in system (5.1). We have

At? O3H Ay? O3E,
€y ey = 51 o @ Yoy 1) + o o a (@ry i, 1) -
Az? 83Ey( ) '
_ 2 YRy
24#0 8.’133 11:3/]4_%; )
n+1 _ A OE At? 93P,
(€E.), 1 2 W;(«’Uu%,yj,tzl)JrMEOe 95 ($g+ 1, Y5, t22)
5.9
Ay2 83H( +%) (5:5)
- X
24606 8y Z+ Y21, )
ntl A2 93E, At? 3P,
(€5,)0 0y = 20 5p @oviep ) F g @Yy te) (5.6)
Az? 9*H '
+ & 73(x317y'+latn+§)7
24€p€s0 OX JT3
ntl A2 03Jp, At? O*E,
(ngm)€+ 0= o1 o @l ¥ita) — ey g (%4155 taz) 57
At? 9% Jp, wEAt? 9P, '
t g e ey vt ¥ T T (e vy )
nty  At* 9 Jp, s At29’E
(pr)f,j—i-% - 24 o3 ( bijr%atSl)_EO D 8 o2 ( faijr%atSZ) (5 8)

At2 0% Jp, wEAt? 0P,
S o e i tes) + T v taa),
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)n+2 Atz 83P AtZ 82 JPI

(&P, = arvee (xg+ s te1) — o —aa (Tep1, Yis te2), (5.9)
24 Ot 8 Ot 2
+1 At? 63P A2 9%Jp
(gpy)n~2l = 943 (xévy +17t71) Qy(vay'_g_l’t'n)? (510)
Li+3 24 Ot J 8 Ot JT3

1 1
where xp < 211 < @oq1, Y5 <y < Yy, and 1772 < typ < t"T2. Next, Ty_1

2

Yjio1 Syn Sy, t" <ty <t"Hlforie€ {1,2,3,4}, and £ =2,3,...,7. n

< x31 < xg_t,_%?

5.3 Discrete Energy Estimates for Lorentz media

Theorem 5.1 (Energy Decay for Maxwell-Lorentz) If stability condition (3.22) is satisfied,
then the Yee scheme for the Mazwell-Lorentz System (5.1) or (5.2) satisfies the discrete identity
41 1 R §

0ny’ = ——————IT" 2%, (5.11)

2
5h7L2 TeQWg

for all n, where

N[

2
Ehr = po(H™ 2, H" %) + ||y/aoen B % +

i

1
E V€owp r

€0€xc(€q — 1)
(5.12)
defines a discrete energy.

Proof. The proof is similar to the proof of Theorem 4.1 for the Yee scheme for the Maxwell-Debye

L
system. We point out the differences here. We multiply equation (5.2b) with AxAyEn+2 and sum
over all spatial nodes on T,fz X Tfy to get

ol 11
cocoo(GE™ 3, B 4 (T3 2 B2 = (curl, H™ 5, B 7) (5.13)
which can be re-written as
€0E +1 41 1 —n4i
D B — BRI} + (TR B ) = (curly U B (5.14)
AzA +3 E E
Next, we multiply equation (5.2c) by = L y.] "2 and sum over all spatial nodes on 7,/ X 1,” to
get
1 1 1 1 —pal —pal 1 — o+l gl
5N T )y = (B T I — (3T P
Epr(t P 2)E=( AJp %) Teowg( p Jdp 2)E eoeoo(eq—l)( P, )E,
(5.15)
which we re-write as
1 n+ *n—s— 1 —n+1 1 —n+l —nt+i
U3 — 1|7 I, 23— (@, P ) =0
ooz (B = 9Bl Dt T e (P
(5.16)

7B

1
. E
ArA P2 and sum over all spatial nodes on 7, " x 7,

€0€c0(€q—1)

Finally, we multiply equation (5.2d) by
to get

Y 1
sprHs prtey, b gt prtay g 5.17
( t 27 )E 60600(6(1 — 1)( P 7 )E ) ( )
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which can be re-written as

1
2Atepess(€q

n n 1 —nt+3 Hnts
) {IP" % — [[P"|%} —m(JP P 2)p=0. (5.18)
ool €q

Adding equations (4.12), (5.14), (5.16), and (5.18), and using the definition (5.12) we have

%At {(5%1)2 - (SQ,L)Q} - wz {HJ 2 HE} (5.19)

p

We can rewrite this equation in the form

n+1 _°on
Thi —thL : L (5.20
At 5’"*1 + ‘%LD egTw2 ’

which on utilizing the definitions of the time differencing and averaging operators in (3.7), and
(3.8), respectively, gives us the discrete identity (5.11) for Lorentz media. As for the case of Debye
media, if the stability condition (3.22) is satisfied, the quantity defined in (5.12) is a discrete energy,
i.e. a nonnegative function of the solution to the system (5.2). The rest of the proof is similar to
the proof of Theorem 4.1 for the case of Debye media. [

5.4 Convergence Analysis of the Yee scheme for the Maxwell-Lorentz Model

Define the error quantities

H" =H" — H(t"), (5.21a)

£ =E" — E(t"), (5.21b)

Jp=J%p = JIp(t"), (5.21c¢)

P =P" —P(t"). (5.21d)

We obtain the identities
o0 H"™ 4 (curl, &)™ = €%, on 7, (5.22a)
n+3 nti | oty n+t3 Ey £y
606 GE"TE — (curl, H)"" 2 4 Tp 2 =& %, on T, X T, Y, (5.22b)
W 1 —nql > +1 E E,
5 2 N A = 5.22
eowg tjp S €QWAT P €0€co(€qg — 1) 5“’ ) OLT X T (5.22¢)
1 1 1 —n+3  nt3 E E
6 n—+ _ 2 2 x ’!J' 22d
€0€co(€g — 1) P €060 (€q — 1)‘7 p T, ON T X T, (5 )

For the Maxwell-Lorentz system we have the following result:

Theorem 5.2 (Convergence Analysis of Yee Scheme for Maxwell-Lorentz) Suppose that
the solutions to the two-dimensional Mazwell-Lorentz equations (2.22) satisfy the regularity condi-

tions E € C3([0,T7]; [C3*(Q)]?), P,Jp € C3([0, T); [C(V)]?) and H € C* ([0, T]; [C*(Q)]). Forn >0,
let H”+% E", J% and P" be the solution to the Yee scheme for the Mazwell-Lorentz system (5.1)
r (5.2), and let fH ,§n+2,§n+2,§n+2 be the truncation errors with &5 = (§Fx §F Y F=E,JP,

satisfying the conditions of the Lemma 5.1. If the stability condition (3.22) is satzsﬁed then for
any fized T > 0,3 a positive constant Cr, = Cr(€o, [0, €, €q: T, W0, V) depending on the medium
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parameters and the Courant number v, but independent of the mesh parameters At, Ax, Ay, such
that

n o\ < 730 2 2 2
OISHTLHéXN {ERT 1} < ERpL +TCL(€0, 10, €xcs €g> w0, V) (A + Ay? + Az?) (5.23)

where the energy of the error at time nAt, c‘:RZ,L, is defined as

2

ERR 1, = S mollH" |7 + co€oo (E™, AnE™) 2 + (5.24)

2
1
+||=72
B H vV €oWp
Proof. We follow a similar procedure to the convergence analysis for the Yee scheme for the
Maxwell- Debye model in Theorem 4.2 we: multiply the average of (5.22a) at n and n + 1 by

PTL
1)

60%0(6(1 - E

gl
Aa:AyH”*é and sum over all spatial nodes on T}{{, multiply (5.22b) by AzAy€E "2 and sum over

1
all spatial nodes on Tf““ X T}? v, multiply (5.22¢) by AzAyJ ;Lj? and sum over all spatial nodes on

Pa s 7P multipl d) by AzAyP™t? and 1l spatial nod Pa s 7P and add
7, x 1, Y, multiply (5.22d) by AzAyP and sum over all spatial nodes on 7,/* x 7,7 and a

the results to obtain

-1 | —n+l —n+1 1
—ITp 2lE+ €y 5 H )
Teowp (5.25)

1

n+l —ntl n+i —n+i —n+1
+(£E+27g +2)E+(€J+27JP+Q)E7+(£P 77) +2)E7

1 1
n+3em—n+s
GER), PERy, 2 =

Expanding (5.25) we have

+3F5—n+i +3 1 1, n+d
SERy 2 ERA L™ <1 2 u|[H 2 ||+ §||§2 2|le (1€ e + 1™+ k)
Lo R CEY
+ 5118 e (WTE e + 1757 le) + 1€ 2 e (1P lle + 1P le) |
Substituting inequalities (4.33), (4.34), (4.35) and (4.37) in (5.26) and using the bound
1 i+l
5 (17l + 175 IE) < €ow§5Rh7Ln+2, (5.27)
we have
n+3\ 5—n+i —n+3 n+i n+i n+3 . | e5—n+3
0:ERy, 17 | ERpL 2 < Crmax q [[€g 2 [1€g 11165 2L 1IEp 21l p ERnL 2, (5.28)

where Cr, = Cr(eo, 10, €, €, T, w0, V) is a constant that depends on the medium parameters and
the Courant number v, but is independent of the mesh parameters At, Az, Ay. Dividing by

4l
ERy, Ln+2 # 0, using recursion in time, At = T//N, the results of Lemma 5.1 and summing from n
to 0 we finally obtain

ER}LL < ERY 1+ TCL(€0, 10, €c0s €, w0, T, V) (AL + Ay? + Az?) . (5.29)
| |

Remark 5.1 As noted in Remark 4.1 for the convergence result in Theorem 4.2 for the 2D Yee
Mazwell-Debye scheme, the convergence result in Theorem 5.2 for the 2D Yee Mazwell-Lorentz
scheme does not hold at the stability limit v = %
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5.5 Discrete Divergence for the Maxwell-Lorentz Model

Lemma 5.2 (Discrete Divergence for the Maxwell-Lorentz System) For the Yee scheme
applied to the Mazwell-Lorentz system given in (5.2) the discrete divergence of the initial grid
functions is preserved for all n > 0, i.e. we have the identity

divy, D" = divy, D°, on 7). (5.30)

Proof. The proof is the same as the proof of Lemma 4.2 for Debye media. [

6 Numerical Simulations of the Yee Scheme for the Maxwell-
Debye Model

We perform numerical simulations of system (4.1) on the domain 2 = [0,1] x [0,1]. For our
simulation we assume a uniform mesh with Az = Ay = h. We use T' = 1, parameter values po = 1,
eo=1(e co=1), €0 =1,4=2 (e, =2),and 7 = 1.

6.1 An Exact Solution for the Maxwell-Debye Model

We use an exact solution, introduced in [6] to the Maxwell-Debye system (2.19) which we use to
initialize our simulations. We define the wave vector as k = (k,, ky)T, where k, = mky, ky = 7wk,

and the corresponding wave number is [k| = /&2 + k2. We also define the function ap(6, [k|) :=
02 — 0 + |k|>. The exact solution to the Maxwell-Debye system (2.19) is

2
H= &e_et cos(kyx) cos(kyy), (6.1a)
7r
E —gk‘ye—et cos(kyx) sin(kyy)
E= < Ex > = 97T , (6.1b)
v —kge " sin(kyx) cos(kyy)
s
P @aD(H, k|)e ™" cos(ky ) sin(kyy)
P= ( v > = m , (6.1c)
By

ke ~
—Zap(8, k|)e % sin(k,x) cos(kyy)
T

where the parameter 0 is a real number. We note that for k, and l;:y integers, the exact solution
(6.1) satisfies the perfect conductor conditions (2.1d) on the boundary of the domain 2, and the
electric and polarization fields are divergence free on €.

The wave number |k| and parameter 6 are related by the equation

0% — 267 + k|0 — |[k|* = 0. (6.2)

The energy defined in (2.12) for the exact solution (6.1) can be computed to be

B ‘k’efat

Ep(t) 2

V(K2 + 62 + a(0,k|)2). (6.3)

In our simulations we use various values of the Courant number (3.22) v, = v, = v, and various
values of k; = ky = k. The real root of equation (6.2) depends on the value of the wave number
|k| = v/2k. In particular, for k =1, § ~ 1.0532.
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The exact dispersion relation for Debye media [5, 30] relating the wave number |k| to the angular

frequency w is
W € — lWTEx
kl=—\/—/——. 6.4
[k co 1 —iwr (6.4)

Thus, using the chosen values for the parameters c)p = 7 = € = 1, and €; = ¢; = 2 in (6.4) and
squaring both sides, the dispersion relation can be written as

(iw)? — 2(iw)? + |k[*iw — |k|* = 0. (6.5)

As noted in [6], comparing the dispersion relation (6.5) to the relation (6.2) for real 6, we note that
the exact solution (6.1) corresponds to a solution for the Maxwell-Debye system (2.19) for a purely
imaginary angular frequency w = —if.

6.2 Relative and Energy Errors

For the discrete solution produced we compute relative errors defined as

— . gt
Erp(t") = (IB(") — E"|% + [H(t") — H" ||} + [P(") = P"[[%)> (6.6)
tn
Relative Error = max Erp(l") , (6.7)
0<n<N—-1\ Ep(t")

where the grid norms || - ||, and || - | iz are defined in (3.14) and (3.15), respectively. We also define
the Energy Error for the discrete solutions as

d n+i
gD (thr%) o 5t£hg2
Energy Error = max dt '
0<n<N-1 d€p , il
o (&7

, (6.8)

where the discrete energy & 1, is defined in (4.9) and dg—tD (t"”'%) is the time derivative of the exact

energy (6.3) computed at the time point s,

Table 1 presents the Relative errors (6.7) and confirms the second order accuracy of the Yee
scheme for various values of At, h, k and v. Here N € N with NAt =T and refers to the number
of time iterations performed. We note that the largest value of At chosen (0.02) is such that At/
(r = 1 in this example) is O(1072) or lower. This is in agreement with results obtained in [30]
which indicate that to resolve all time scales in the problem we must choose At = O(10727) for
Debye media. Table 2 presents the Energy errors (6.8). The results in this table indicate that the
energy error decreases in a second order accurate manner, and provides another confirmation of
the second order accuracy of the Yee scheme.

In Figures 1 and 2 we plot the relative errors (6.6) and the energy errors (6.8), respectively, for
the various values of N, v and k as presented in the corresponding tables. An O(h?) reference is
provided to visually see the second order accuracy of the Yee scheme.
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Table 1: Relative Errors for the 2D Yee Maxwell-Debye scheme.

k=1n

N v=20.3 v=0.>5 v=0.7
Error Rate Error Rate Error Rate

50 | 1.20 x 1073 457 x 1072 2.53 x 1074

100 [ 2.99 x 10~% | 2.01 | 1.14 x 10~* | 2.01 | 6.30 x 10~° | 2.00
200 | 7.46 x 107° | 2.00 | 2.84 x 107° | 2.00 | 1.57 x 10~° | 2.00
400 | 1.86 x 107° | 2.00 | 7.10 x 1075 [ 2.00 | 3.93 x 106 | 2.00
800 | 4.65x 1070 ] 2.00 | 1.77 x 107 % [ 2.00 | 9.83 x 107 | 2.00

k=5mw

N v=20.3 r=20.5 v=0.7
Error Rate Error Rate Error Rate

50 | 5.39 x 10~3 2.01 x 1073 1.02 x 1073

100 | 1.39x 107 % [ 1.96 | 4.97 x 10~* | 2.02 | 2.54 x 10~ % | 2.01
200 | 3.44x107%] 2.01 | 1.24x 107 ] 2.01 | 6.34x 10~° | 2.00
400 | 857 x 107 | 2.00 | 3.09 x 10~° | 2.00 | 1.58 x 10—° | 2.00
800 | 2.14x107° | 2.00 | 7.72x 1079 | 2.00 | 3.95 x 1076 | 2.00

k=107

N v=0.3 v=20.5 v=0."7
Error Rate Error Rate Error Rate

50 | 1.23 x 1072 4.08 x 1073 2.02 x 1073

100 | 279 x 1073 | 2.14 | 9.75 x 10~* | 2.06 | 4.94 x 10~* | 2.03
200 | 6.74x107% ] 2.05 | 241 x 1072 ] 2.02 | 1.23x 1071 | 2.02
400 | 1.67 x107% | 2.01 | 6.00 x 10=° | 2.00 | 3.06 x 10=° | 2.00
800 | 4.16 x 107° | 2.00 | 1.50 x 10~° | 2.00 | 7.66 x 10-6 | 2.00

6.3 Convergence Analysis of the Discrete Divergence

We verify the identity in (4.49) by computing the maximum absolute grid error in the discrete
divergence as follows
divy, D" — div, D" :

omax || divy, ivy, D70, (6.9)
where the grid norm || - [|p is defined in (4.46). Table 3 presents the absolute errors (6.9) of the 2D
Yee Maxwell-Debye scheme for various values of At, h, k and v. Again, N € N, with NAt =T,
refers to the number of time steps performed. All errors are sufficiently small to suggest that they
are due to roundoff.

7 Numerical Simulations of the Yee Scheme for the Maxwell-
Lorentz Model

We perform numerical simulations of system (5.1) on the domain = [0,1] x [0, 1] using exact
solutions for which €y = pigp = €00 =wp = 1,7 = 0.4, and €, = ¢, = 2.



Table 2: Energy Errors for the 2D Yee Maxwell-Debye scheme.

k=1n

N v=20.3 v=0.>5 v=0.7
Error Rate Error Rate Error Rate

50 | 1.67 x 1073 6.44 x 1074 3.60 x 10~4

100 [ 4.16 x 107* [ 2.01 | 1.60 x 10~* | 2.01 | 8.97 x 10~° | 2.01

200 | 1.04 x 10~% ] 2.00 | 4.00 x 105 | 2.00 | 2.24 x 1075 | 2.00

400 | 2.59 x 1075 | 2.00 [ 9.99 x 1079 | 2.00 | 5.59 x 10-% | 2.00

800 | 6.48 x 1076 | 2.00 | 2.50 x 10=% | 2.00 | 1.40 x 10=% | 2.00

k=57

N v =20.3 v=20.5 v=0.7
Error Rate Error Rate Error Rate

50 | 6.68 x 1073 2.32x 1073 1.20 x 1073

100 | 1.61 x 1073 | 2.06 | 5.79 x 10~* | 2.01 | 2.99 x 10~% | 2.00

200 [ 3.98x 1074 ] 2.02 | 1.44x107% | 2.01 | 744 x 1075 | 2.01

400 | 9.91 x 107 | 2.00 | 3.60 x 10~° | 2.00 | 1.86 x 10~° | 2.00

800 | 2.47x107° | 2.00 | 9.89 x 107 | 2.00 | 4.64 x 1076 | 2.00

k=107

N v=0.3 v=05 v=0.7
Error Rate Error Rate Error Rate

50 | 1.46 x 1072 5.24 x 1073 2.52 x 1073

100 | 3.53x 1073 | 2.05 | 1.23x 1073 | 2.09 | 6.30 x 10~% | 2.00

200 | 855 x10~% ] 2.04 | 3.06 x10~% [ 2.01 | 1.56 x 10~* | 2.01

400 | 2.12x107% | 2.01 | 7.62x107° | 2.00 | 3.90 x 10=° | 2.00

800 | 527 x 107° | 2.00 | 1.90 x 10~® | 2.00 | 9.75 x 105 | 2.00

7.1 An Exact Solution for the Maxwell-Lorentz Model

We define the functions ar (6, [k|) := 62 + 20 + |k|* — 1, and BL(0, [k|) := 62 + |k|>. We consider
the following exact solution to the Maxwell-Lorentz system (2.22)

JPac
Jp= ) =
r < Jpy >

In the above, the wave number and parameter 8 are related by the equation

1
ot — ;93 + (2 + |k[})H? —

0
——kye % cos(k,x) sin(kyy)
v

2
H = &6*915
T

_ky

ka
s
—k

ke ~
Br(0, |k|)e % sin(kyz) cos(kyy)
T

[k|*

T

gkxe_et sin(kgx) cos(kyy)
s

cos(kyx) cos(kyy),
ar (0, ke cos(kex) sin(kyy)
(6, |k|)e ™" sin(ky ) cos(kyy)

Br(6, |k|)6_9t cos(kyx) sin(kyy)

0+ k| = 0.
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(7.1a)

(7.1b)

(7.1c)

(7.1d)

(7.2)



Table 3: Discrete Divergence Errors for the 2D Yee Maxwell-Debye scheme.

k=1xr

N v=20.3 v=0.>5 v=0.7
50 | 9.47x 107 [ 126 x 10713 | 2.25 x 1013
100 | 2.43x 10713 [ 4.05 x 10713 | 5.82 x 10713
200 | 7.12x 10713 [ 1.15 x 10712 | 1.61 x 10~12
400 | 2.04 x 10712 [ 3.24 x 10712 | 4.70 x 10712
800 | 5.76 x 10712 | 9.66 x 10712 | 1.34 x 10~ 11
k=>5m

N v=20.3 v=0.>5 v=0.7
50 | 4.66 x 10712 [ 1.68 x 1071L | 1.47 x 10711
100 | 2.99 x 1071 | 548 x 1011 | 7.16 x 10~ 11
200 | 7.29 x 10711 [ 1.30 x 10710 | 1.98 x 10~10
400 | 2.31 x1071° | 3.83 x 10710 | 6.19 x 10~ 10
800 | 6.86 x 10°19 [ 1.17x 1079 | 1.71 x 1079
k=107

N v=20.3 v=0.>5 v=0.7
50 | 6.99 x 1071T [ 1.14 x 10719 [ 1.89 x 1010
100 | 1.15 x 10719 | 2.48 x 10719 | 5.40 x 10~
200 [ 391 x 1071 [ 1.09 x 1077 | 1.31 x 1079
400 | 1.71x 1079 | 335 x 1079 | 4.91 x 1079
800 | 6.44x107° | 873 x107Y | 1.25 x 1078
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As in the Debye model, for k, and lNey integers, the exact solution (7.1) satisfies the perfect
conductor conditions on the boundary of the domain €2, and the electric and polarization fields are
divergence free on ). The energy defined in (2.25) for the exact solution (7.1) can be computed to

be
E(t

k=1, 0~ 0.5087.

‘k‘efet

VB (

The real root of equation (7.2) depends on the value of the wave number |k|.

1+ B1) + ar(6, |k|)2.

(7.3)

In particular, for

The exact dispersion relation for Lorentz media [5, 30] relating the wave number |k| to the

angular frequency w for the chosen values of parameters is

(W2 —2)7 + iw
kl=—4/——F——. 7.4
N co \l (wW? = 1)1+ iw (7.4)
Squaring both sides, the dispersion relation can be written as
VIR PR 2.2|k|2- 2 _
(iw)* — ;(m}) + (2 + k|7)(iw)” — T(lw) + |k|” =0. (7.5)

Comparing the disersion relation (7.5) to the relation (7.2) for real §, we note that the exact solution
(7.1) corresponds to a solution for the Maxwell-Lorentz system (2.22) for a purely imaginary angular
frequency w = —if.
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7.2 Relative and Energy Errors

For the discrete solution produced we compute relative errors defined as

I n n n n 3
Erp(t") = ([EE") — E™|E + |HE™) — H" I} + |P") = P"|% + [|Tp(t") = IBIE)*,  (7.6)

Ern(t"
Relative Error = max Ere(t”) , (7.7)
0<n<N \ EL(t")

where the grid norms || - ||z, and || - || g are defined in (3.14) and (3.15), respectively. We also define
the Energy Error for the discrete solutions as

1
@(tn-ké) _ @g}?}']z
Energy Error = max dt 7 , (7.8)
0<n<N dép , i1
ﬁ(f 2)

where the discrete energy &', is defined in (5.12) and % <t"+%) is the time derivative of the

exact energy (7.3) computed at the time point s,

Table 4 presents the Relative errors (7.7) and confirms the second order accuracy of the Yee
scheme for various values of At, h, k and v. Here again N € N with NAt = T and refers to the
number of time iterations performed. Table 5 presents the Energy errors (7.8). The results in this
table indicate that the energy error decreases in a second order accurate manner, and provides
another confirmation of the second order accuracy of the Yee scheme.

Table 4: Relative Errors for the 2D Yee Maxwell-Lorentz scheme.

k=1nm
N v=20.3 v=20.5 v=0."7

Error Rate Error Rate Error Rate
50 | 4.43 x 10~* 1.62 x 10~% 8.45 x 10~°

100 | 1.11 x 107% | 2.00 | 4.04 x 1075 | 2.00 | 2.11timesl0~> | 2.00
200 | 2.76 x 107° | 2.00 | 1.01 x 107° | 2.00 | 5.27x 1079 2.00
400 | 6.90 x 1075 | 2.00 | 2.52 x 10~ | 2.00 1.32x 1076 2.00
800 | 1.72 x 1070 | 2.00 | 6.30 x 10% | 2.00 3.29 x 10~ 7 2.00

k=5m
N v=0.3 vr=20.5 v=20.7

Error Rate Error Rate Error Rate
50 | 2.42 x 1073 8.89 x 104 4.49 x 1074

100 [ 6.14 x107* | 1.98 | 2.19 x 10~* | 2.02 1.12 x 107 % 2.00
200 | 1.52x 10~ ] 2.01 | 5.47x 1075 | 2.00 2.79 x 10~° 2.00
400 | 3.79 x 107° | 2.00 | 1.37 x 10~° | 2.00 6.97 x 1076 2.00
800 | 9.47 x 107% | 2.00 | 3.41 x 10=% | 2.00 1.74 x 10~ 2.00

k=107
N r=20.3 r=20.5 v=207

Error Rate Error Rate Error Rate
50 | 5.45 x 1073 1.81 x 1073 8.97 x 1077

100 [ 1.24 x 1072 | 2.14 | 434 x 107% | 2.06 2.20 x 1074 2.03
200 | 3.00x 10~% ] 2.04 [ 1.07x10~% | 2.01 5.47 x 1075 2.01
400 | 7.45 x107° | 2.01 | 2.68 x 10~° | 2.00 1.37 x 107° 2.00
800 | 1.86 x 10~ | 2.00 | 6.68 x 10~ % | 2.00 3.41 x 1076 2.00




Table 5: Energy Errors for the 2D Yee Maxwell-Lorentz scheme.

k=1r

N v =0.3 v=0.>5 v=0.7
Error Rate Error Rate Error Rate

50 | 2.00 x 10~ 6.59 x 10~° 3.55 x 10~°

100 | 497 x107° | 2.01 | 1.64x107° | 2.01 | 9.14 x 1075 | 1.96

200 | 1.24x107° | 2.00 | 410 x 1075 | 2.00 | 2.32 x 1076 | 1.98

400 [ 3.10x 1075 | 2.00 [ 1.02x107% | 2.00 | 5.84 x 10~ | 1.99

800 | 7.74 x 1077 | 2.00 | 2.56 x 107 | 2.00 | 1.47 x 107 | 2.00

k=57

N v=20.3 v=0.>5 v=0.7
Error Rate Error Rate Error Rate

50 | 3.37 x 1074 1.20 x 107% 6.43 x 1075

100 [ 799 x 107° | 2.08 [ 299 x107° | 2.01 | 1.63 x 107° | 1.98

200 | 1.97 x 107° | 2.02 | 7.44 x 107 | 2.00 | 4.07 x 10=% | 2.00

400 | 4.92x107% ] 2.00 | 1.86 x 1078 [ 2.00 | 1.02 x 10=% | 2.00

800 | 1.23x 107 | 2.00 | 465 x10~7 | 2.00 | 2.55 x 10~ | 2.00

k=107

N v =20.3 v=20.5 v=0.7
Error Rate Error Rate Error Rate

50 | 4.29 x 10~* 1.21 x 10~ % 6.91 x 1075

100 | 8.86 x107° | 2.28 | 331 x10~° | 1.87 | 1.75 x 10~° | 1.98

200 [ 223 x107° ] 1.99 | 822x 1076 | 2.01 | 4.44x 107 % | 1.98

400 | 5.50 x 1076 | 2.02 [ 2.06 x 10=% | 2.00 | 1.11 x 10=% | 2.00

800 | 1.37x 1076 [ 2.01 | 5.13x 1077 | 2.00 | 2.78 x 107 | 2.00

Table 6: Discrete Divergence Errors for the 2D Yee Maxwell-Lorentz scheme.

k=1x

N v=20.3 v=20.>5 v=20.7
50 | 1.71 x 105 | 2.96 x 10~ | 3.59 x 1013
100 [ 410 x 1073 [ 691 x 1073 [ 1.02 x 10~ 2
200 | 1.22 x 1072 | 2.05 x 10712 | 2.83 x 10~ 12
400 | 3.34 x 1072 [ 5.78 x 1072 | 8.06 x 10~ 12
800 | 9.82 x 10~ | 1.62 x 10~ | 2.30 x 10~ 11
k=57

N v=20.3 v=20.5 v=20.7
50 | 9.59 x 10712 [ 235 x 10711 [ 4.37 x 10~ 1T
100 | 3.39 x 10~ | 7.80 x 1011 | 1.11 x 1010
200 | 1.61 x 10710 [ 232 x 10710 | 3.61 x 10~ 10
400 | 5.19 x 10710 [ 8.36 x 1071° | 9.91 x 10~10
800 | 1.18 x 1077 | 1.96 x 1079 | 2.77 x 1079
k=107

N v=20.3 v=20.5 v=0.7
50 | 1.18 x 10719 [ 2.25 x 10719 | 2.66 x 10~ 10
100 [ 3.62x 10719 [ 3.83 x 10719 | 8.60 x 10~ 10
200 | 118 x 1079 | 1.64 x 1079 | 2.63 x 1079
400 | 2.85 x 1072 | 5.09 x 1077 | 8.09 x 1079
800 | 9.96 x 1072 | 1.55 x 1078 | 2.20 x 10~8

29
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Figure 3: Relative errors for different wave numbers (k, = k, = k) in the 2D Yee Maxwell-Lorentz
scheme for Courant numbers v = 0.3, 0.5 and 0.7.
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Figure 4: Energy errors for different wave numbers (k, = &k, = k) in the 2D Yee Maxwell-Lorentz
scheme for Courant numbers v = 0.3, 0.5 and 0.7.
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In Figures 3 and 4 we plot the relative errors (7.6) and the energy errors (7.8), respectively, for
the various values of N,v and k as presented in the corresponding tables. An O(h?) reference is
provided to visually see the second order accuracy of the Yee scheme.

7.3 Convergence Analysis of Discrete Divergence

Finally, we verify the identity in (5.30) by computing the maximum absolute grid error in the
discrete divergence as defined in (6.9). Table 6 presents the absolute errors in the discrete divergence
of solutions to the 2D Yee Maxwell-Lorentz scheme for various values of At, h, k and v. Again,
N € N, with NAt = T, refers to the number of time steps performed. All errors are sufficiently
small to suggest that they are due to roundoff.

8 Conclusions

In this paper, we have presented an accuracy, stability and convergence analysis of the Yee scheme
for Maxwell’s equations in Debye and Lorentz dispersive media using energy techniques. This
research fills an important gap in the literature on Yee methods for dispersive media models by
explicitly computing energy decay inequalities for these methods which aid in a convergence analysis
of the numerical schemes. Our analysis assumes dispersive media parameters that are constant.
However, the generality of the energy analysis will allow an extension of our results to the case of
parameters that are functions of space and/or time.

We construct novel exact solutions for the Maxwell-Debye and Maxwell-Lorentz models that
thoroughly justify our numerical results. These exact solutions will also be helpful to justify analysis
of other numerical techniques.
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