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Abstract

This paper describes a novel numerical method for the solution of a free-boundary
Hamilton-Jacobi-Bellman (HJB) equation. The equation comes from an optimal div-
idend problem within financial insurance and has a classical solution under strict as-
sumptions. However the numerical approach is significant since the problem can be
classified as a constrained variational inequality with free boundary, for which numeri-
cal methods are few. We combine semi-smooth and projected Newton methods with a
shooting-like method to treat the nonsmoothness, implicit constraints and free bound-
ary of the problem, respectively. The algorithms and associated convergence analysis
are discussed. In the end, we show that the local convergence rate for this method
is at least superlinear. The contribution of this paper is a numerical approach that
can be applied to more general free boundary problems with first or second derivative
constraints for which analytical solutions are not known.
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1 Introduction

The necessary conditions for stochastic optimal control problems can be represented by (an often
nonlinear) differential equation called the Hamilton-Jacobi-Bellman (HJB) equation. The equation
is usually coupled to inequality constraints on the states, and can contain non-smooth terms. This
classical problem is well surveyed in the book [5]. Analytical solutions are only known under certain
strict assumptions. The uniqueness of the optimal solution can be verified by the arguments of
viscosity solutions with the aid of probabilistic techniques. Also, there exists a numerical approach,
called the Markov chain approximation method, that allows one to solve for these viscosity solutions
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numerically ([12]). However, classical numerical methods have not been directly applied to the HJB
equation described below.

The main problem investigated in this paper comes from the area of insurance dividend opti-
mization. Here we consider the basic model where jumps are not allowed and the parameters are
constants, due to which the problem has an analytical solution ([1, 7]). These solutions are derived
by utilizing certain properties of the solution. Specifically, the implicit conditions of the solutions
are imposed upon the HJB equation, which allows the non-smooth equations to be decoupled into
smooth, linear equations, under strict assumptions. The purpose of this paper is to explore the
applicability of a novel numerical approach to such problems, by discretizing the HJB equation
directly, which can then be applied more generally to problems without known analytical solutions.

For details of the stochastic models and HJB equation derivation, we refer the readers to the
papers mentioned above. The system formulation will be given below in Section 2. In brief, it is
a second-order nonlinear ODE with a non-smooth term. There is a one-side boundary condition
and two implicit inequality state constraints. The original system is defined on the entire positive
x-axis. However, for computational purposes, we must truncate the domain to work on a finite
computational window, which introduces a free boundary condition.

1.1 Background

To handle the non-smooth term, we will apply a semi-smooth Newton method. The book [16]
surveys the semi-smooth Newton method for variational inequalities, but the application and ef-
fectiveness of this method in the current problem has not been investigated. Complicating the
numerical approach are the other aspects particular to this problem, namely the one-sided free
boundary and implicit conditions on the state variables.

To deal with implicit conditions in a function minimization problem, the paper [3] uses the so-
called projected Newton method. A transfer method is devised to convert general linear constraints
into a simple linear form. For our system, only after discretization of the spatial derivative in the
constraints, can they be reformulated into a simple linear form. Others have extended projected
Newton methods to solve non-smooth equations. The paper [15] is one of those which apply
a projected Newton type method to solve a constrained non-smooth system. However, the free
boundary has not been investigated in this context.

Here we propose a shooting-like method for the free boundary condition. The basic idea is that
we have an initial guess of the end boundary value and shoot a candidate solution trajectory using
the HJB equation. Then we adjust our state, and thus the target (end boundary value), according to
the implicit state constraints and finally shoot a new solution trajectory. Our approach differs from
traditional shooting in that the end boundary condition is enforced and the inequality constraints
are checked, rather than enforcing an initial slope and checking the end boundary condition. This
approach is similar to the “method of sweeps” used in [13] for the optimal control of population
dynamics.

The paper outline looks as follows. In Section 2, we write down the explicit problem of interest.
In the Section 3, the detailed motivation of shooting-like method is given and we initially provide
a heuristic algorithm for this problem (we call it heuristic because the idea of projection and
shooting methods are used, but it is not yet a formal systematic formulation). We then reformulate
the system after discretization as a simple linearly constrained non-smooth problem through the
combined projection. Along with these solutions, we also compare two different shooting strategies:
shooting at end-boundary value and the first derivative of the end-boundary. In Section 4, with the
established results in the literature, we prove the superlinear local convergence for the reformulated
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system in Section 3. In Section 5, several numerical experiments are executed which validate the
convergence rates derived in Section 4.

2 HJB equation

The HJB equation that we will discuss comes from papers [1, 7]. The solution will be the optimal
value function which maximizes the discounted dividend payments given the current amount of
capital by an optimal strategy. The system is simplified to a constrained problem with a homo-
geneous Dirichlet one-sided boundary condition. The approach works as well for nonhomogeneous
Neumann boundary conditions. Details can be found in [8]. The constrained system with Dirichlet
one-sided boundary condition has the following form:

−mv(x) + δ2

2 v(x) + µvx(x) + σ2

2 vxx(x) + sup06ξ6ε ξ(1− vx(x)) = 0,

v(0) = 0,

v′(x) > 0 for x > 0,

v′′(x) 6 0 for x > 0.

(2.1)

where we assume m, δ, µ, σ and ε > 0. The analytical solution for this system [2] is given by

v(x) =


εη

m− δ22
eθx−eφx

η(eθx̂−eεx̂)−θeθx̂+φeφx̂
if x 6 x̂;

ε

m− δ22

(
1 + eη(x−x̂)(θeθx̂−φeφx̂)

η(eθx̂−eφx̄)−θeθ1x̂+φ1eφx̂

)
if x > x̂

(2.2)

where

η =
ε− µ−

√
(ε− µ)2 + 2σ2(m− δ2

2 )

σ2

θ =
−µ+

√
µ2 + 2σ2(m− δ2

2 )

σ2

φ =
−µ−

√
µ2 + 2σ2(m− δ2

2 )

σ2

x̂ =
log(φ

2−ηφ
θ2−ηθ )

θ − φ

Next, we will present a numerical approach to approximate these solutions for the Dirichlet
one-sided boundary conditions; the numerical approach for the Neumann case is similar.

3 Methods

We apply forward finite differences for the first derivatives and centered differences for the second
derivatives. We assume a uniform mesh for simplicitly of exposition. On x ∈ [0, B], let h = B/N
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be the mesh size for some N > 1 and xi = ih be the nodes. Then the HJB equation becomes

−mv(xi) +
δ2

2
v(xi) + µ

v(xi+1)− v(xi)

h
+
σ2

2

v(xi+1)− 2v(xi) + v(xi−1)

h2

+ sup
06ξ6ε

(
ξ(1− v(xi+1)− v(xi)

h
)

)
= 0, i = 1..N − 1.

The addition of two boundary contitions would close the system, but there is only a one-sided
boundary condition. The other two conditions are inequality constraints which are implicit on v.
It is this feature, and the non-smooth term, that make the problem interesting from a numerical
perspective. The inequality constraints may be similarly discretized in a straight-forward manner

vx(xi) =
v(xi+1)− v(xi)

h
> 0, i = 0..N − 1

vxx(xi) =
v(xi+1)− 2v(xi) + v(xi−1)

h2
6 0, i = 1..N − 1.

The above are then coupled with the initial condition v(x0) = 0.

3.1 Motivation for the shooting-like method

To our best knowledge, no numerical methods have been implemented to solve the above discretized
problem. Additionally, there are two inequality constraints here, which differs from examples in
the literature.

Herein we propose the combination of a semi-smooth, projected Newton method and a shooting-
like iterative method to solve this problem. We will call the following algorithm semismooth pro-
jected Newton with shooting-like method. As a matter of fact, the projection steps appearing in
these Algorithms take sweeping-like operations. Basically, it looks forward in the x direction and
adjusts the state values at xk, xk+1 from the current value at grid xk−1 according to the inequality
constraints.

The classical shooting method [6] chooses some value as the guess of system’s initial derivative
and then shoots the trajectory (solves the resulting well-posed problem) to the other end of the
boundary. By comparing that simulation with the given boundary data, improvements can be
made eventually leading to the correct initial derivative and therefore the correct numerical ap-
proximation. However, this idea does not work in our problem since there is no information on the
other boundary. Further, for this problem, it turns out that the numerical solution is extremely
sensitive to the intial boundary slope, and thus the problem of determining it is ill-conditioned.

In order to overcome this difficulty, we propose a backward shooting (guess the end value) and
forward adjustment method (sweep) to approximate the solution. We note that a more formal
version of the algorithm will be introduced later to facilitate the resulting analysis. The proposed
approach can be decomposed into two stages. In the first stage, we make a guess of the end
boundary and shoot the trajectory of the state, which is driven by the HJB equation. In the
next step, we adjust the trajectory by imposing the inequality constraints, proceeding forward in
x direction, similar to the method of sweeps [13]. This naturally updates the end boundary value
and leads to an iterative method which continues until convergence.
Shooting at the end-boundary value

In the first trial, we shoot at the end-boundary value and consider the Dirichlet boundary condition.
The algorithm for implementation is below and the analogous one for Neumann condition only needs
a few modifications.
Algorithm 1 (Dirichlet Condition):

4



A Semi-smooth Newton:
The nonsmooth term in the HJB equation is sup06ξ6ε ξ(1−

v(xi+1)−v(xi)
h ).

Algorithm:

(1) At the kth step, let vk = (vk(xi))
N
i=1 be the vector of solution candidate, where {xi} is

the even partition of [0,B] with step size h.

(2) Compute the nonsmooth term using the current state vk. For the interval [xi, xi+1], we
could build the following equivalent matrix form for the nonsmooth term,

Iki [
1

h

[
0 −ε ε

] vk(xi−1)
vk(xi)
vk(xi+1)

+ ε]

where the function Iki is defined as: Iki =

{
1, if vk(xi+1)−vk(xi)

h > 1

0, if vk(xi+1)−vk(xi)
h 6 1

B Discretization on the nonsmooth term:
Based on the previous computation, the full discretization of HJB equation will be:

[
σ2

2h2
δ2

2 −m−
µ
h −

σ2

h2
µ
h + σ2

2h2

]vk(xi−1)
vk(xi)
vk(xi+1)

+ [
Iki
h

[
0 −ε ε

] vk(xi−1)
vk(xi)
vk(xi+1)

+ ε] = 0.

where i = 2, . . . , N − 1. After the combination, we have the full matrix form:

1 0 . . . . . . 0
K M − Lk2 C + Lk2 0

0
. . . . . . . . . 0 0

... 0
. . . . . . . . .

...
0 . . . K M − LkN−1 C + LkN−1

0 . . . 0 . . . 1




vk(x1)
vk(x2)

...
vk(xN−1)
vk(xN)

 =



0
Ik2 ε
...
...

IkN−1ε
vk−1(xN)


where K = σ2

2h2
,M = δ2

2
−m− µ

h
− σ2

h2
, C = µ

h
+ σ2

2h2
, Lki = Iki

ε
h

and vk−1(xN) is the guess
of the end-boundary condition for this iteration.
We denote the left-hand side of the above equation as F̄ (vk).Let

Ak =



1 0 . . . . . . 0
K M − Lk2 C + Lk2 0

0
. . . . . . . . . 0 0

... 0
. . . . . . . . .

...
0 . . . K M − LkN−1 C + LkN−1

0 . . . 0 . . . 1


Update the current candidate solution to the new candidate:

Algorithm:
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(a) Compute the matrix Ak and take it as a gradient for semi-smooth Newton method
at the kth step.

(b) Update the current solution in the following way:

v̄k = vk − A−1
k F̄ (vk)

where F̄ (vk) is the evaluation of the matrix form of the HJB equation at the kth
step.

C Pointwise projection based on the constraints on the solution (value function):

– The value function v(x) should be increasing and concave for all x > 0.

– The algorithm for checking the constraint:

(1) Let the current state of the candidate solution be v̄k.

(2) Compute the quantities: γki = v̄k(xi+1)− v̄k(xi) for 1 6 i 6 N − 1.

(3) Update the candidate solutions as follows:

ṽk(xi+1) =

{
v̄k(xi) if γki < 0

v̄k(xi+1) otherwise.

(4) Denote the candidate solutions achieved in previous step as ṽk.

(5) Compute the quantities: γ̃ki = ṽk(xi−1)− 2ṽk(xi) + ṽk(xi+1) for 2 6 i 6 N − 1.

(6) Update the candidate solution in the following way:
For the points: xi−1, xi, xi+1,

vk+1(xi+1) =

{
2ṽk(xi)− ṽk(xi−1) if γki > 0

ṽk(xi+1) if γki 6 0

D Criterion to check the convergence: We compute the residual of each iteration in L2

norm. The program stops once the residual is below some fixed level.

Shooting at the end derivative
We adjust the method a little bit with guessing the end derivative. Its algorithm therefore is almost
the same as the previous one. But for the purpose of clear demonstration, we repeat the previous
one with a few changes.

A Semi-smooth Newton:
The nonsmooth term in the HJB equation is sup06ξ6ε ξ(1−

v(xi+1)−v(xi)
h ).

Algorithm:

(1) At the kth step, let vk = (vk(xi))
N
i=1 be the vector of solution candidate, where {xi} is

the even partition of [0,B] with step size h.
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(2) Compute the nonsmooth term using the current state vk. For the interval [xi, xi+1], we
could build the following equivalent matrix form for the nonsmooth term,

Iki [
1

h

[
0 −ε ε

] vk(xi−1)
vk(xi)
vk(xi+1)

+ ε]

where the function Iki is defined as: Iki =

{
1, if vk(xi+1)−vk(xi)

h > 1

0, if vk(xi+1)−vk(xi)
h 6 1

B Discretization on the nonsmooth term:
Based on the previous computation, the full discretization of HJB equation will be:

[
σ2

2h2
δ2

2 −m−
µ
h −

σ2

h2
µ
h + σ2

2h2

]vk(xi−1)
vk(xi)
vk(xi+1)

+ [
Iki
h

[
0 −ε ε

] vk(xi−1)
vk(xi)
vk(xi+1)

+ ε] = 0

After the combination, we have the full matrix form:

1 0 . . . . . . 0
K M − Lk2 C + Lk2 0

0
. . . . . . . . . 0 0

... 0
. . . . . . . . .

...
0 . . . K M − LkN−1 C + LkN−1

0 . . . 0 . . . −1 1




vk(x1)
vk(x2)

...
vk(xN−1)
vk(xN)

 =



0
Ik2 ε
...
...

IkN−1ε
V k−1


where V k−1 = vk−1(xN)−vk−1(xN−1), K = σ2

2h2
,M = δ2

2
−m− µ

h
− σ2

h2
, C = µ

h
+ σ2

2h2
, Lki =

Iki
ε
h

and vk−1(xN) is the guess of the end-boundary condition for this iteration.

Again, we keep the left-hand side of the above equation as F̄ (vk).
Let

Ak =



1 0 . . . . . . 0
K M − Lk2 C + Lk2 0

0
. . . . . . . . . 0 0

... 0
. . . . . . . . .

...
0 . . . K M − LkN−1 C + LkN−1

0 . . . 0 . . . −1 1


Update the current candidate solution to the new candidate:

Algorithm:

(a) Compute the matrix Ak and take it as the gradient for semi-smooth Newton
method at the kth step.

(b) Update the current solution in the following way:

v̄k = vk − A−1
k F̄ (vk)

where F̄ (vk) is the evaluation of the matrix form of the HJB equation at the kth
step.
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C Pointwise projection based on the constraints on the solution(value function):

– The value function v(x) should be increasing and concave for all x > 0.

– The algorithm for checking the constraint:

(1) Let the current state of the candidate solution be v̄k.

(2) Compute the quantities: γki = v̄k(xi+1)− v̄k(xi) for 1 6 i 6 N − 1.

(3) Update the candidate solutions as follows:

ṽk(xi+1) =

{
v̄k(xi) if T ki < 0

v̄k(xi+1) otherwise.

(4) Denote the candidate solutions achieved in previous step as ṽk.

(5) Compute the quantities: γ̃ki = ṽk(xi−1)− 2ṽk(xi) + ṽk(xi+1) for 2 6 i 6 N − 1.

(6) Update the candidate solution in the following way:
For the points: xi−1, xi, xi+1,

vk+1(xi+1) =

{
2ṽk(xi)− ṽk(xi−1) if T̃ ki > 0

ṽk(xi+1) if T̃ ki 6 0

D Criterion to check the convergence: We compute the residual of each iteration in L2

norm. The program stops once the residual is below some fixed level.

3.2 Algorithm for a combined projection

In the previous section, we offer the methodology without the proof of convergence. In this section,
we present a nearly equivalent formulation amenable to a convergence proof. As expected, and
verified by the numerical demonstrations, local superlinear convergence is shown.

Suppose that w = v′. Then the problem (2.1) becomes

−mv +
δ2

2
v + µw +

σ2

2
wx + sup

06ξ6ε
{ξ(1− w)} = 0.

Here we want to keep the discretization form we have established in the previous algorithm. We

take the following for w and wx at the grid point xk: w(xk) =
v(xk+1)−v(xk)

h for 0 6 k 6 N − 1 and

wx(xk) =
w(xk)−w(xk−1)

h =
v(xk+1)−2v(xk)+v(xk−1)

h2
for 1 6 k 6 N − 1.

In order to reduce the number of variables, combine v and w into a single variable u =

(
v
w

)
.

Here all the vectors are in column form. Thereafter we can rewrite the system dependent on the
given boundary condition.
Dirichlet condition

−mv(xk) + δ2

2 v(xk) + µw(xk) + σ2

2 wx(xk) + sup06ξ6ε {ξ(1− w(xk))} = 0

v(x0) = 0

Pu > 0
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Let N̄ = 2N − 1. Then u is N̄ -dimensional. P is the N̄ × N̄ projection matrix. Specifically, in this
problem, we can write down the system in the following matrix form: for k > 2{

T̄ kuk = Bk

P kuk > 0

Here we shoot the end derivative of u and the matrices T̄ , P and L will be as follows:

−1 1 0 . . . −h . . . 0
. . .

. . .
. . .

. . .
. . .

. . .

−1 1 0 . . . −h . . .
...

1 0 . . . . . . . . . 0

−m D . . . E Mk
2 . . .

...
−m D . . . E Mk

3 . . .
. . .

. . .
. . .

. . .
. . .

...
−m D . . . E Mk

N−1

0 . . . . . . . . . −1 1





vk(x1)
vk(x2)

...

...
vk(xN )
wk(x1)

...

...
wk(xN−1)


=



0
0
...
0
0
Bk

2

Bk
3
...

Bk
N−1

W k−1




1 0 0

−1 1 0 . . . . . .
...

. . .
. . .

. . .
. . .

...
−1 1 0 . . . 0

1 . . . 0
1 −1 0 . . . 0

. . .
. . .

. . . 0
1 −1





vk(x1)
vk(x2)

...
vk(xN )
wk(x1)
wk(x2)

...
wk(xN−1)


>



0

...

...

0


Here W k−1 = wk−1(xN−1) − wk−1(xN−2), D = δ2

2 , E = −σ2

2h and for 2 6 l 6 N − 1, Mk
l ={

µ+ σ2

2h − ξ if w(xl) 6 1

µ+ σ2

2h if w(xl) > 1
and Bk

l =

{
−ξ if wk(xl) 6 1

0 if wk(xl) > 1
.

This problem has a general linear constraint, but it is more reasonable to talk about this problem
as a simple non-negative constraint (which will be discussed in the next section). For that purpose,
in the k-th step, we take yk = P kuk and Uk = T̄ k(P k)−1. Then this problem will be transformed
to: {

Ukyk = Bk

yk > 0

which is a (nonlinear) problem with a simple non-negative constraint (note, U and B depend on y
via the non-smooth term).

Now the program works as follows:

Algorithm 3:

A Semi-smooth Newton:
From the discretization form, Uk is semismooth.

(1) Suppose that yk is the current candidate solution.
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(2) Update the solution with semismooth Newton step:

ȳk+1 = yk + (Uk)−1(Bk − Ukyk)

B Projection:
The constraint requires all the components of y to be non-negative. Therefore we take
projection step as follows: for 1 6 l 6M

(yk+1)l =

{
(ȳk+1)l if (ȳk+1)l > 0

0 if (ȳk+1)l < 0

C Transfer back:
Update the candidate solution from the original problem: uk+1 = P k+1yk+1.

D Criterion:
Compute the residual L2 norm in each iteration of y. Stops if the criterion is met and take
part v of the ultimate iterate u as the closest numerical solution. Otherwise go back to step
A.

4 Convergence analysis

For each iteration, the problem (2.1) after discretization is formulated in the following way:
F̄ (v) = 0

P1v ≥ 0

P2v ≥ 0

(4.1)

where F̄ , P1 and P2 are nonsingular matrices. The following theorems and definitions are stated
from the indicated literature for ease of reference.

Theorem 4.1 (Local convergence of semi-smooth Newton, [14]). Suppose that v∗ ∈ Rn, F̄ (v∗) = 0
and F̄ is semi-smooth at v∗. The generalized derivative of F̄ (v) is nonsingular at v∗. Choose the
initial iterate v0 sufficiently close to v∗ so that there exists ε > 0 such that v0 ∈ B(v∗, ε). Then
under the semi-smooth Newton iteration, the generated sequence {vk} converges to v∗ superlinearly
fast, i.e.,

||vk+1 − v∗|| = o||vk − v∗|| as k →∞.

Theorem 4.2 (Local convergence of projected Newton, [11]). Suppose that v∗ satisfies F̄ (v∗) = 0
and all constraints, and that the derivative of F̄ (v) is locally Lipschitz continuous around v∗. Let
the initial iterate v0 be close to v∗ and both have the same active set of constraints (constraints for
which the state value is on the boundary of the admissible interval), i.e., A(v0) = A(v∗). Then the
iteration generated by the projected Newton method converges quadratically to v∗, i.e,

||vk+1 − v∗|| 6 K||vk − v∗||2 for some K > 0, and k = 0, 1, . . .

Definition 4.1. Let JF (x) be the classical Jacobian matrix of the partial derivatives for F at x
and Df (x) be the collection of points where F is differentiable in the neighborhood of x. Then,
∂F (x) is the generalized Jacobian of F at x given by ([4]),

∂F (x) = co

 lim
xi→x

xi∈Df (x)

JF (xi)

 .
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Definition 4.2. F is semismooth at x ([16]) if F is locally Lipschitz continuous at x and for any
s ∈ Rn,

lim
V ∈∂F (x+ts′)
s′→s,t↓0

{
V s′
}

exists.

In other words, ∂F (x) is the convex hull of all the derivatives on the differential points around x.

Lemma 4.1. Suppose that v∗ is the solution to the problem (4.1). Then the function F̄ (v) is
semi-smooth around v∗.

Proof. Suppose that the discretization number is N. So v∗ ∈ RN . Let the direction vector be
s′ = [s′i]

N
i=1 and t > 0. The Jacobian of F̄ (v) at v∗ + ts′ is

A′ =



1 −1 . . . . . . 0
K M − L′2 C + L′2 0

0
. . .

. . .
. . . 0 0

... 0
. . .

. . .
. . .

...
0 . . . K M − L′N−1 C + L′N−1

0 . . . 0 . . . 1


where

L′i =

{
ε
h , if

v∗(xi+1)+ts′i+1−v∗(xi)−ts′i
h > 1

0, if
v∗(xi+1)+ts′i+1−v∗(xi)−ts′i

h 6 1

Here let s′ → s. Then as s′i → si and s′i+1 → si+1 , L′i won’t change any more since the relation
between v∗(xi+1) + ts′i+1 and v∗(xi) + ts′i become more apparent when s′ gets closer to s. That is
to say, the Jacobian matrix A′ at v∗ + ts′ stays the same when s′ → s. Therefore,

lim
A′∈∂F̄ (v∗(x)+ts′)

s′→s,t↓0

{
A′s′

}
exists

So F̄ (v) is semismooth at v∗.

4.1 Semismooth equation with the simple box constraint

We keep the notations suggested in (Page 87 of [11]). A(v) and I(v) are the active and inactive
sets at v respectively. P will denote the projection into constrained region. Here we review the
convergence of semismooth Newton method with simple box constraint from the perspective of
active-set strategy ([10]&[15]). Similar to the reduced Hessian introduced in (Page 89 of [11]), here
define the reduced Jacobian matrix. To get a better view of solving problem (4.1), we consider the
simplified problem discussed in [15]: {

F̄ (v) = 0

b1 6 v 6 b2
(4.2)

where b1, b2 are N-dimensional vectors. This is called the problem of semi smooth equation with
the box constraint.

11



The projection P and active set A(v) can be denoted as follows. Specifically, the projection
step in this situation works in the following way:

P((v)i) =


(b1)i if (v)i 6 (b1)i

(b2)i if (v)i > (b2)i

(v)i if (b1)i < (v)i < (b2)i

As for the active set A(v), A(v) = {i = 1, 2, . . . , N |(v)i > (b2)i or (v)i 6 (b1)}. Then the inactive
set I(v) is given as: I(v) = {1, 2, 3, . . . , N} \A(v). Then the projection on A(v) is defined as:

PA(v)((u)i) =

{
(u)i if i ∈ A(v)

0 if i /∈ A(v)

Similarly, we can define the projection on the set I(v).

Definition 4.3. Suppose that A is the Jacobian matrix to F̄ at v. Then the reduced Jacobian R is
given as follows:

Rij =

{
δij if i ∈ A(v) or j ∈ A(v)

Aij otherwise

Theorem 4.3 (Local convergence of semi-smooth Projected Newton). Suppose that the problem
(4.1) assumes that F̄ (v) is semi-smooth around v∗, F̄ (v∗) = 0 and generalized derivative ∂F̄ is
nonsingular at v∗. Let the initial iterate v0 be close to v∗ and A(v0) = A(v∗). Then the iterations
generated by the Semi-smooth Projected Newton method for problem (4.2) converge superlinearly:

||vk+1 − v∗|| = o||vk − v∗|| as k →∞

Proof. Consider the (k + 1)-th iteration vk+1. Assume Ak ∈ ∂F̄ (vk) and denote the reduced
Jacobian matrix to Ak by Rk. In the problem (4.1), v is restricted by the conditions: b1 6 v 6 b2.
It seems that we project the iterate vk to the region bounded by these conditions.

vk+1 = P(vk −R−1
k F̄ (vk)) (4.3)

By the definition of semi-smoothness for F̄ at v∗,

F̄ (vk) = F̄ (v∗) +Ak(vk − v∗) + Ek (4.4)

where Ek = o(||vk − v∗||).
By the assumption that A(v∗) = A(v0), we can say that

A(v∗) = A(vk) = A(vk+1)

Alternatively, I(vk) = I(v∗). So,

PI(vk)(vk − v∗) = vk − v∗ and PA(vk)(vk − v∗) = 0

Applying projection PI(vk) on both sides of equation (4.4),

PI(vk)(F̄ (vk)) = PI(vk)(Ak(vk − v∗)) + PI(vk)(Ek)

= PA(vk)(vk − v∗) + PI(vk)(Ak(vk − v∗)) + PI(vk)(Ek)

= Rk(vk − v∗) + PI(vk)(Ek)
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Then after applying R−1
k ,

PI(vk)(R
−1
k F̄ (vk)) = (vk − v∗) + PI(vk)(R

−1
k Ek)

Since ∂F̄ (v∗) is nonsingular, then ||R−1
k || is bounded.

Denote PI(vk)(R
−1
k Ek) by Jk. Then,

||Jk|| = o||vk − v∗|| as k →∞

Applying PI(vk) on both sides of equation (4.3),

PI(vk)(vk+1) = PI(vk)P(vk −R−1
k F̄ (vk))

= PPI(vk)(vk −R−1
k F̄ (vk))

= P(vk − (vk − v∗)− Jk) = P(v∗ − Jk)

Note that PA(vk)(vk+1) = PA(v∗)(v
∗).

PA(vk)(vk+1 − v∗) + PI(vk)(vk+1 − v∗) = P(v∗ − PI(vk)(v
∗)− Jk)

P(vk+1 − v∗) = P(v∗ − PI(vk)(v
∗)− Jk)

PI(vk)(vk+1 − v∗) = PI(vk)(v
∗ − PI(vk)(v

∗)− Jk)
PI(vk)(vk+1 − v∗) = PI(vk)(−Jk)
P(vk+1 − v∗) = P(−Jk)

where we use the fact that PA(vk)(Jk) = 0.
The above implies that ||vk+1 − v∗|| 6 ||Jk|| = o||vk − v∗||. This shows the local superlinear
convergence.

4.2 Semismooth equation with the general linear constraint

In the previous section, the problem of a semismooth equation under the simple box constraint has
been discussed. Now we are going to look at this problem with a general linear constraint, which
could be considered as the extension of that problem. Here is the formulation:{

F̄ (v) = 0

b1 6 Pv 6 b2
(4.5)

where b1, b2 are still N-dimensional vectors and P is an N ×N nonsingular matrix.
Recall that the projected Newton-like iteration for the previous problem (4.2) updates in the

following way (Algorithm 4):

(1) Initialize the initial guess for the solution: v0.

(2) For step k, compute the Jacobian matrix Ak for this problem (4.2) based on the current
iterate vk.

(3) Update vk to vk+1 through Projected Newton-type method:

(a) v∗k+1 = vk +A−1
k (−F̄ k(vk))
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(b) vk+1 = P(v∗k+1)

(4) If the stopping criterion is not satisfied, go back to step 2.

(5) If the criterion is met, stop.

However, the projection (b) in step 3 is not working in the problem (4.5). Therefore it needs some
modification on the algorithm. To our best knowledge of the literature in this topic, the paper
([3]) mentioned the idea for general box constraint in the Newton-type optimization, but it didn’t
address the semismooth problem or solving nonlinear differential equations. The basic strategy to
deal with that is through the change of variable.

Consider the new vector z = Pv. With a little adjustment, the problem (4.5) can be converted
to the standard semismooth equation with simple box constraint (4.2). In fact, if we denote
Ḡ = F̄P−1, {

Ḡ(z) = 0

b1 6 z 6 b2

Then the projected Newton-type algorithm above would work well with this problem. Once the
stop criterion is triggered, the new update zk+1 would be used to to recover the candidate solution
by vk+1 = P−1zk+1 for the original problem (4.5).
Algorithm 5:

(1) Initialize v0. Then transfer it to z0 = Pv0.

(2) Update z:

(a) z̄k+1 = uk + PA−1
k (−Ḡk(zk)).

(b) zk+1 = P(z̄k+1)

(3) If the stopping criterion is not met, go back to step (2).

(4) If the stopping criterion is met, take zk+1 and transfer it back to vk+1 = P−1zk+1.

But in order to reach the superlinear convergence of this algorithm with general linear constraint,
we need the following results:

Lemma 4.2. Suppose that the true solution for the new problem (4.5) is z∗. Then the function
Ḡ(z) is semismooth around the true solution z∗.

Proof. In Lemma 4.1, we know that any element of the convex hull ∂F̄ (v∗) is in the form of A′ and
it is semismooth. Since Ḡ = F̄P−1, then any element of convex hull ∂Ḡ(z∗) will be in the form of
A′P−1.

It has been shown that limA′∈∂F̄ (z∗+ts′)
s′→s,t↓0

{A′s′} exists. It is not hard to verify that once the

gradient direction s′ has been chosen, the matrix A′P−1 will stay the same at z∗ + ts′. Then the
limit will still exist:

lim
(A′P−1)∈∂Ḡ(z∗+ts′)

s′→s,t↓0

{
(A′P−1)s′

}
exists

That is to say that the function Ḡ(z) is semismooth around z∗.

After we establish the semismoothness of the function Ḡ(z) around the true solution, we can
state the superlinear convergence of the new algorithm:
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Theorem 4.4 (Local convergence of problem (4.5)). Suppose that Ḡ(z) is semismooth around the
true solution z∗ of problem (4.5) and the generalized derivative ∂Ḡ is nonsingular around z∗. Then
the iterations vk generated with Algorithm 5 will converge superlinearly.

Proof. The result of Theorem 4.3 implies that:

||zk+1 − z∗|| = o||zk − z∗|| as k →∞

On the other hand, Ḡ(z∗) = 0→ F̄ (P−1z∗) = 0. If we say v∗ = P−1z∗, then v∗ is the true solution
of F̄ (v) = 0. Note that the iterations of zk is obtained after projection. We then have the following
arguments.

Since zk+1 = Pvk+1, zk = Pvk, z
∗ = Pv∗,{
||zk+1 − z∗|| = ||P (vk+1 − v∗)||
||zk − z∗|| = ||P (vk − v∗)||

As the matrix P is nonsingular, it is a bounded nontrivial linear transformation. Suppose vk and
vk+1 are not equal to v∗. Otherwise, the error would be zero and it is not necessary to continue
the iterations afterwards. In particular we can find λk, βk > 0 for k ∈ Z such that:

βk||vk − v∗|| 6 ||P (vk − v∗)|| 6 λk||vk − v∗||

On the other hand, we know that when k is large enough, ||zk+1 − z∗|| = o||zk − z∗||. Then there
exist some M > 0, α > 1 s.t ||zk+1 − z∗|| = M ||zk − z∗||α. Then,

||vk+1 − v∗|| 6
||P (vk+1 − v∗)||

βk+1
=
||zk+1 − z∗||

βk+1

=
M ||zk − z∗||α

βk+1
6
Mλαk ||vk − v∗||α

βk+1

The above inequality implies that ||vk+1 − v∗|| = o||vk − v∗|| and the local convergence rate is
superlinear.

The convergence rate of the problem (4.5) turns out to be superlinear, which is within the
expectation, since the transfer step changes the space by a little. However, the above result implies
that the Algorithm 3 produces Newton’s iterations with superlinear convergence. That is to say
the solution of constrained HJB equation stated in the very beginning can be approximated by this
algorithm with superlinear convergence rate. This will be stated as a Corollary.

Corollary 4.1. Suppose that v∗ is the true solution of the equation (2.1) with Dirichlet(Neumann)
condition and inequality constraints. The Algorithm 3 will enforce the Newton’s iteration to converge
to v∗ superlinearly fast.

5 Numerical results

Since this problem essentially is free-boundary, two different shooting-like numerical methods have
been tried here with insufficient boundary data. The basic idea is that we shoot out a point as
the guess for the end boundary. Then we adjust the end-boundary point through the inequality
constraints on both first and second derivatives. Once we update the end boundary, then we take
Newton-type step to find a better candidate solution to the problem. After enough iterations, the
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equation and constraints will be simultaneously satisfied. The numerical results show that the
accuracy and the shape of the solution will depend on the end-boundary guess. On the other hand,
due to two different types of inequality constraints imposed on HJB equation (2.1), the system is
converted to the one with two general linear constraints. In the section on general-linear constraints,
the matrix P on the constraint is called the transfer acting on the domain. It essentially gives us
the choice to take Newton steps either on the original space or the transfer space.

5.1 Shooting-like method with no transfer

Shooting at the end-boundary point: v0(xN )
Dirichlet conditions

1 Let the initial guess of the end-boundary condition v0(xN ) be small. Choose parameters as
follows:

m = 1, δ = 1, µ = 2, σ = 4, ε = 5, v0(xN ) = 0, B = 20, h = 0.01

The true solutions shows that the end-boundary condition at x=20 is v(20) = 9.19 and the
choice of end boundary v0(xN ) < v(20)

2 Let the initial guess of the end-boundary condition v0(xN ) be large. Choose parameters as
follows:

m = 1, δ = 1, µ = 2, σ = 4, ε = 5, v0(xN ) = 20, B = 20, h = 0.01

The true solutions shows that the end-boundary condition at x=20 is v(20) = 9.19 and the
choice of end boundary v0(xN ) > v(20)
The comparisons between numerical and true solutions are illustrated in Figure 1.

(a) Comparison between the true solution and
numerical solution when v0(xN ) = 0

(b) Comparison between the true solution and
numerical solution when v0(xN ) = 20

Figure 1: Figures for the numerical results in Dirichlet conditions (no transfer)

Neumann condition

1 Let the initial guess of the end-boundary condition v0(xN ) be small.
Choose parameters as follows:

m = 1, δ = 1, µ = 2, σ = 4, ε = 5, v0(xN ) = 0, I = 20, h = 0.01
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2 Let the initial guess of the end-boundary condition v0(xN ) be large.
Choose parameters as follows:

m = 1, δ = 1, µ = 2, σ = 4, ε = 5, v0(xN ) = 20, I = 20, h = 0.01

The comparisons between true and numerical solutions for both cases are shown in Figure 2.

(a) Comparison between the true solution and
numerical solutions when v0(xN ) = 0

(b) Comparison between the true solution and
numerical solutions when v0(xN ) = 20

Figure 2: Figures of numerical results in Neumann conditions (no transfer)

Shooting at the end derivative: v0
x(xN )

Dirichlet condition

1 Let the initial guess of the end-boundary condition v0
x(xN ) be small. Choose parameters as

follows:
m = 1, δ = 1, µ = 2, σ = 4, ε = 5, v0

x(xN ) = 0, B = 20, h = 0.01

The true solutions shows that the end derivative at x=20 is vx(20) = 0.1024 and the choice
of the end boundary v0

x(xN ) < vx(20)

2 Let the initial guess of the end-boundary condition v0
x(xN ) be large. Choose parameters as

follows:
m = 1, δ = 1, µ = 2, σ = 4, ε = 5, v0

x(xN ) = 1, I = 20, h = 0.01

The comparisons between true and numerical solutions for both cases are shown in Figure 3.
The results on the convergence are illustrated in a separate figure (Figure 4).
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(a) the comparison between true and numerical
solution when v0

x(xN ) = 0
(b) the comparison between true and numerical
solution when v0

x(xN ) = 1.

Figure 3: Comparisons between true and numerical solutions in Dirichlet condition (no
transfer)

(a) the convergences of step norm and residual
norm when v0

x(xN ) = 0
(b) the convergences of step norm and residual
norm when v0

x(xN ) = 1

Figure 4: Convergence test in Dirichlet condition (no transfer)

Neumann condition

1 Let the initial guess of the end-boundary condition v0
x(xN ) be small. Choose parameters as

follows:
m = 1, δ = 1, µ = 2, σ = 4, ε = 5, v0

x(xN ) = 0, B = 20, h = 0.01

The true solutions shows that the end-boundary condition at x=20 is vx(20) = 0.1024 and
the choice of the end boundary vx(xN ) < vx(20)

2 Let the initial guess of the end-boundary condition vx(xN ) be large. Choose parameters as
follows:

m = 1, δ = 1, µ = 2, σ = 4, ε = 5, v0
x(xN ) = 1, I = 20, h = 0.01
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The comparisons between true and numerical solutions for both cases are shown in Figure 5.
The results on the convergence are illustrated in separate figures (Figure 6).

(a) the comparison between true and numerical
solution when v0

x(xN ) = 0
(b) the comparison between true and numerical
solution when v0

x(xN ) = 1

Figure 5: Comparisons between true and numerical solutions in Neumann condition (no
transfer)

(a) the convergences of step norm and residual
norm when v0

x(xN ) = 0
(b) the convergences of step norm and residual
norm when v0

x(xN ) = 1

Figure 6: Convergence test in Neumann condition (no transfer)

5.2 Shooting-like method with transfer

From the proof of Theorem 4.4, it seems that the convergences of simple box and general linear
constraints imply each other. Here we will show that after taking the transfer from the original
space to the transfer space, the Semi-smooth Newton’s iterations in the transfer space still have
the superlinear convergence rate. Here we follow the notations in Section 3.3.2 (Algorithm for a
combined projection).
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Shooting at the end derivative u0
x(xN̄ )

Dirichlet condition

1 Let the initial guess of the end derivative u0
x(xN̄ ) be small.

Choose the parameters as follows:

m = 1, δ = 1, µ = 2, σ = 4, ε = 5, u0
x(xN̄ ) = 0, B = 20, h = 0.01

Comparison between numerical and true solutions are shown in Figure 7. The convergence
of step norm and residual norm are shown in Figures 8.

2 Let the initial guess of the end derivative u0
x(xN̄ ) be large.

Choose the parameters as follows:

m = 1, δ = 1, µ = 2, σ = 4, ε = 5, u0
x(xN̄ ) = 1, B = 20, h = 0.01

It turns out that the convergence rate is complicated in some cases, although the results
presented here demonstrate the superlinear convergence rate. We believe it is for the reason
that the initial guess is not close enough to the true solution for those tricky cases. In Figure
9, we will see all the iterations it takes to approach the true solution. The comparison between
the true and numerical solutions are shown in Figure 7 and the convergences of step norm
and residual norm are shown in Figure 8.

(a) the comparison between true and numerical
solution when u0

x(xN̄ ) = 0
(b) the comparison between true and numerical
solution when u0

x(xN̄ ) = 1

Figure 7: Comparisons between true and numerical solutions in Dirichlet condition(transfer)
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(a) the convergences of step norm and residual
norm when u0

x(xN̄ ) = 0
(b) the convergences of step norm and residual
norm when u0

x(xN̄ ) = 1

Figure 8: Convergence test in Dirichlet condition(transfer)

Figure 9: Newton iterations shooting large initial end derivative u0
x(xN̄) in Dirichlet condition

6 Conclusion

This paper investigates a nonsmooth HJB equation with one-side free boundary and inequality
constraints with a novel numerical approach. This approach combines the semi-smooth Projected
Newton with the so-called shooting-like method in order to deal with the free boundary. It turns
out that this method is efficient in solving this kind of problem with superlinear local convergence
and can be applied to more general constrained variational inequalities including first-order and
second-order constraints. However, there are many open questions left in this direction. It needs
some rigorous proofs regarding the convergence of algorithms which are not involved with transfer
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space. In the experiments, it finds that “shooting at the end derivative” always converges faster
than “shooting at the end boundary point” and the shooting-like method with no transfer still
converges superlinearly fast. However, currently the proofs for them are not available. On the
other hand, the proof demonstrated in Section 4 indicates that there is possibility to extend the
general linear constraint to a few nonlinear cases. Above all, this paper suggests a numerical method
to attempt some free boundary problems which have implicit state constraints like those on first
and second derivatives.

At last, we need to point out the reason why we apply this method to a problem with an exact
solution. Firstly, we have not seen any numerical method dealing with this type of constrained
free-boundary nonlinear problem before. Secondly, it is easier for us to tell how well this method
works after comparing its result with the exact solution. Future work is to expand the method
to apply to two dimensional free boundary problems such as related to insurance modeling with
stochastic prices [9].
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