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© Preliminaries
@ PDEs



@ The scientific community now recognizes simulation (computational

modeling) as the essential “third leg” of research alongside theory and
experimentation.

@ Some experiments are too expensive, time consuming, dangerous,
impossible

@ Numerical computation allows for “artificial experiments”



@ Numerical methods are algorithms for approximating solutions to
equations, including
o Matrix equations
o Differential equations
o Integral equations

@ Numerical analysis seeks to understand the error in the
approximation, usually as a function of the work required
@ It is the mathematical branch of scientific computing and involves

o Analytical solutions
o Linear algebra
e Functional analysis
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equation with speed ¢ = /(1 /ep).
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where u is called a state variable, A is a linear operator depending on a set
of parameters g, and f is a source term.
Examples
_ 0 :
@ A = cy yields a one-way wave equation.

e u=[H, E]" and
o 1o
A= [1 fil “ax]
cox O
yields 1D Maxwell's equations in a dielectric, equivalent to the wave
equation with speed ¢ = /(1 /ep).

o u=[HE]T
0 1lvx
= 1%
A Ew 2 ]

yields 3D Maxwell curl equations in a conductive dielectric.
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D
%—t +J=V xH (Ampere)
B
88_t = -V x E (Faraday)
V-D=p (Poisson)
V-B=0 (Gauss)
E = Electric field vector D = Electric flux density
H = Magnetic field vector B = Magnetic flux density
p = Electric charge density J = Current density

With appropriate initial conditions and boundary conditions.



Maxwell’s equations are completed by constitutive laws that describe the
response of the medium to the electromagnetic field.

D=¢+P

B=uH+M

J=0E+Js
P = Polarization e = Electric permittivity
M = Magnetization u = Magnetic permeability
Js = Source Current o = Electric Conductivity



@ We can define P in terms of a convolution
t
P(tx) = £ +E(t.0) = [ gt~ s.xiq)Elsx)ds,
0

where g is the dielectric response function (DRF).

@ In the frequency domain D = ege(w)E, where ¢(w) is called the
complex permittivity.

@ ¢(w) described by the polarization model

@ We are interested in ultra-wide bandwidth electromagnetic pulse
interrogation of dispersive dielectrics, therefore we want an accurate
representation of e(w) over a broad range of frequencies.
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Figure: Real part of €(w), €, or the permittivity [GLG96].
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P(t,x) = g x E(t,x) = /Otg(t —s5,%;q)E(s, x)ds,

@ Debye model [1929] q = [eq, 7]

g(t,x) = egeq/T e /7
or 7P+ P = cpeqE
€
or  e(w)=¢éx+ T —{—in

with €4 := €5 — €.
@ Cole-Cole model [1936] (heuristic generalization)

q= [Eda T, Oé]
€d

e(w) =Eoo+m

The DRF for the Cole-Cole is

1 (+ioo _
g(tx) = — / “ol6s ~ o) sty
27 C—ico 1 + (ST) -



Debye Material

Input is five cycles (periods) of a sine curve.
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Figure: Debye model simulations.




@ The Cole-Cole model corresponds to a fractional order ODE in the
time-domain and is difficult to simulate

@ Debye is efficient to simulate, but does not represent permittivity well

@ Better fits to data are obtained by taking linear combinations of
Debye models (discrete distributions), idea comes from the known
existence of multiple physical mechanisms: multi-pole debye (like
stair-step approximation)

@ An alternative approach is to consider the Debye model but with a
(continuous) distribution of relaxation times [von Schweidler1907]

@ Empirical measurements suggest a log-normal distribution
[Wagner1913], but uniform is easier

@ Using Mellin transforms, can show Cole-Cole corresponds to a
distribution
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To account for the effect of possible multiple parameter sets q, consider

h(t,x: F) = /Q g(t,x: q)dF(q),

where Q is some admissible set and F € PB(Q).
Then the polarization becomes:

P(t,x) = /Ot h(t — 5, x: F)E(s, x)ds.



Alternatively we can define the random polarization P(t,x; 7) to be the

solution to
7'7) + 7) = 606dE

where 7 is a random variable with PDF (1), for example,

1

Th — Ta

f(r) =

for a uniform distribution.
The electric field depends on the macroscopic polarization, which we take
to be the expected value of the random polarization at each point (t,x)

P(t,x) = /Tb P(t,x 7)f(r)dr.

a
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We say the “forward problem” is to find the solution to the system for
some given value of the parameter set g (and everything else is known).

For all but a simple class of PDEs, this involves numerical approximations
to discrete solutions

U(X;, tJ) ~ U,'J.
An example of a numerical method is to replace § 8“ at (tj, x;) with

Uij— Uiy Yirj = Uiy
Ax 2Ax

for some fixed Ax = x; — x;_1. These are called finite differences. Errors
are O(Ax) and O(Ax?), respectively.



Definition

An inverse problem estimates quantities indirectly by using measurements
of other quantities.




Definition

An inverse problem estimates quantities indirectly by using measurements
of other quantities.

For example, a parameter estimation inverse problem attempts to
determine values of a parameter set g given (discrete) observations of
(some) state variables.

Examples:

o distance of an object using echo-location (easily invertible)
@ amount of oil/water/cave in the ground using RADAR backscatter

@ geometry or composition of a defect using measurements of EM fields
(CT, MRI, etc.)



In the context of Maxwell's equations:
e Estimate g (u, €, o, 7) using E(q) (not easily invertible)
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is called the nonlinear least squares method.



In the context of Maxwell's equations:

Estimate q (u, €, o, 7) using E(q) (not easily invertible)
Given real-life data E, use several trial values of g to compute
(simulate) several E(q) values
The value of g that results in an E(g) which is a “best match” to E
is likely close to the real-life value of q.
Mathematically, find

min

error | E ,E)H
min |error (E(q)

For example, with data measured at fixed x and discrete times t;
N

1 2
min 5> (Ei0) - )

is called the nonlinear least squares method.
Need to develop a fast and accurate method for simulating E.

Consider imﬁrovements to models and numerical methods.



Apply Polynomial Chaos method to approximate the random polarization
TP + P = eoles =€) E, T=7(E) =rE+m

resulting in _
(rM + ml)a + d = eg(es — exo) Eéd

or )
AQ+d=¢g.



Apply Polynomial Chaos method to approximate the random polarization
TP+ P =coles — €)E, T=7(€)=ré+m

resulting in _
(rM + ml)a + d = eg(es — exo) Eéd
or _
Ad+a=g.
The macroscopic polarization, the expected value of the random
polarization at each point (t, x), is simply

P(t,x; F) = ap(t,x).



o Given data {£}; we seek to determine a probability distribution F*,
such that

F*= min J(F),
FeR(Q)

where, for example,

A2
T(F) =3 (E: F) - )
J
@ Given a trial distribution Fj we compute E(tj; Fy) and test J(Fy),
then update Fiy1 as necessary to find a minimum.

@ Need either a parametrization or a discretization of F, to have a finite
dimensional problem.

@ Need a fast and accurate method for simulating E(x, t; F).



@ Existence and uniqueness of solutions to weak formulation of the
forward problem follows as a special case of work in [BBLOO]

e Continuous dependence of (E, E) on F in the Prohorov metric shown
in [BGO5]



@ Existence and uniqueness of solutions to weak formulation of the
forward problem follows as a special case of work in [BBLOO]

e Continuous dependence of (E, E) on F in the Prohorov metric shown
in [BGO5]

e Continuity of F — (E,E) = continuity of F — J(F), for a
continuous objective function J

o Compactness of @ = compactness of P(Q) with respect to the
Prohorov metric

@ Therefore, a minimum of J(F) over PB(Q) exists [BGO5]



© Numerical Methods
@ The Yee Scheme
@ 2M Order Approximations in Space
@ (2,2M) Order Methods for Debye Polarization Models
@ von Neumann Stability Analysis



The Yee Scheme
@ In 1966 Kane Yee originated a set of finite-difference equations for the
time dependent Maxwell's curl equations.

@ The finite difference time domain (FDTD) or Yee algorithm solves for
both the electric and magnetic fields in time and space using the
coupled Maxwell’s curl equations rather than solving for the electric
field alone (or the magnetic field alone) with a wave equation.




o Staggered Grids: First order derivatives are much more accurately
evaluated on staggered grids, such that if a variable is located on the
integer grid, its first derivative is best evaluated on the half-grid and
vice-versa.

@ Staggered Grids of R with space step size Az = h
Primary Grid G, = {z, = (h | L € Z},

Dual Grid Gd:{Zng; = (ﬁ-l—%)hMeZ}.

= - o ———— o e — 7
z s Z-2 z 3 Z-1 zZ 1 20 Z1 Pl Z3 22 Zs
2 2 2 h 2 2 2




@ Staggered Grids: The electric field/flux is evaluated on the primary
grid in both space and time and the magnetic field /flux is evaluated

on the dual grid in space and time.

@ The Yee scheme is

ntl n_1
Hl 2 —H| ? n n
|Z+% ‘Z—l—% _ _1 E|g+1 - E|g
At u Az
n+2 n+2
T+ - E|7 1Ml —Hl,
At a € Az
n+1
@ @ @ @ @ t
= = = = = e
z s Z-2 z 3 Z-1 z 1 pas) Z1 z1 Z3 P) Zs
2 2 2 h 2 2 2



@ This gives an explicit second order accurate scheme in both time and
space.



@ This gives an explicit second order accurate scheme in both time and
space.
@ It is conditionally stable with the CFL condition

I/_£<1
Az

where v is called the Courant number and ¢ = 1/,/ep.



@ Case cAt = Az w

0.5

t=0

t=100 At

t=200 A t

-1
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t=0 t=100At =200 At

w 0.5-
@ Case cAt = Az
0
1 ~05 0 05
X
3k t=6
or <— t=18At

w
o Case cAt > Az 0
-1F
_ot

1




@ Case cAt = Az v

o Case cAt < Az -

t=0 t=100 At t=200At

0.5F

0

-1 -0.5 0 05

X
t=d t=100 At

r t=200 A t
0.5f

0 .




The Yee scheme can exhibit numerical dispersion

Dispersion error can be reduced more cheaply by requiring higher
order accuracy than by simply reducing mesh sizes

In 3D a large mesh size is desireable, yet one cannot sacrifice accuracy.

We will consider here (2,2M) order accurate methods, with second
order accuracy in time and 2M, M € N order accuracy in space.

@ The Yee scheme is second order accurate, i.e., a (2,2) scheme.



Staggered Grids of R with space step size h
Primary Grid G, ={z, =th |l € Z},

Dual Grid Gd:{ZH; = (€+%)h|€€Z}.

- - L eo—— L eo—f1 z—
z Z-2 z 3 Z-1 z 1 20 Z1 z1 Z3 22 Zs
2 2 h 2 2 2




Staggered 2 Normed Spaces
For any function v, vy = v(¢h), Veyl = v((£+ 3)h).

Ve = {(v), LeZ||IvIF=h)_ |vl® < oo}

LEL
Vi={(v,.1), L€ ||v||2:h§ v, 1]? < oo}
% Z+§ ) % £+§ -
LeZ
v v S w5 w8 w
- - —e—H H—e—F z—
Z 5 Z-2 z 3 Z-1 Z_ 1 F(y) z1 z1 z3 Zo Zs
2 2 2 h 2 2 2




o Finite difference approximations of order 2M of the first derivative
operator 0/0z will be denoted as

° Dﬁ,,w) V- V%:l on primary grid, and

° 15&2,’1\4) : V%l — V¢ on dual grid.
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@ These operators can be considered from two different points of view:

(V1) As linear combinations of second order approximations to 8/9z
computed with different space steps, and



o Finite difference approximations of order 2M of the first derivative
operator 0/0z will be denoted as

° Df/,w) V- V%:l on primary grid, and

° ’1552,’1\/’) : V%1 — V¢ on dual grid.

@ These operators can be considered from two different points of view:

(V1) As linear combinations of second order approximations to 8/9z
computed with different space steps, and

(V2) As a result of the truncation of an appropriate series expansion of the
symbol of the operator 9/0z.



@ Define Discrete Operators

(2 .1 1 . @) _ Uppp — Uppy1
DY) Vg — Vi defined by <Dp7hu>€+; =



@ Define Discrete Operators

(2 .1 1 . @) _ Uppp — Uppy1
DY) Vg — Vi defined by <Dp7hu>e+; =

u 1 —Uu 1
A2) .1 1 - ~(2) _ tp—3 I—p+3
D) Vi Vg defined by (Dmu)( =




@ Define Discrete Operators

) +§ _

. u 1 —u_ 1
D(2) V; — V& defined by (Dng),“)g = 13+,E2; 1;hp+2

e If ue C?M+L(R), with M € N, and m > 1, using the Taylor
expansions at zy

- (2p —1)h 1 9%l
(08) =+ 3 (P27%) Gyt =0 (7




@ Consider the linear combination
(2m) " (2)
~eMm)y oM (2
Dl,h = Z )\2p71Dp,h
p=1

@ To approximate duy/dz with error O(h*M) leads to the Vandermonde

system
10 30 50 .. (2M-—1)° M 1
12 32 52 ... (2M —1)? MM 0
1 34 5 ... (2M—1)* Mo _ o
12M—2 32M—2 52M—2 . (2M _ 1)2M—2 )‘%M—l 0



Theorem

For any M € N, the coefficients )‘%p 1 are given by the explicit formula

2(—1)PL(2M — 1)11]?
(2M +2p — 2)11(2M — 2p)!1(2p — 1)’

)‘2p 1=

where 1 < p < M, Vp.

and the double factorial is defined as

n-(n—2)-(n—4)...5-3-1 n>0, odd
nl:=qn-(n—2)-(n—4)...6-4-2 n>0, even
1, n=-1,0



Table: Coefficients A3}

2M N A3 As A7
2 1
9 -1
4 3 3
6 75 =25 3
64 128 128
g 125 245 49 = 5
1024 1024 1024 1024




e If v(z) = e then ov = ikv(z), and

0z
the Symbol of % is defined to be

F(8/z) = ik,



o If v(z) = e then % ikv(z), and

the Symbol of g is defined to be
z

F(0/0z) =
@ We can show that the Symbol of D(QM)
. M oM
sM)\ _ 2 g~ A3po1 B
F (DL,, ) ==y o sin(kh(2p — 1)/2)

p_



Theorem (Bokil-Gibson2011)

M)

The symbol of the operator D( can be rewritten in the form

]-'(D(zM)) 2’272,, L sin2P~L(kh/2),

where the coefficients yop_1 are strictly positive, independent of M, and
are given by the explicit formula

[(2p — )11

Y2p-1 = (2p —1)!




Table: Coefficients yop—1

o3 s 7
1 L 3 5

6 40 11

<
Il
%

~ 2i
<Df,),> = Zsm(K)
M=2; F (ﬁﬁ),) = % <sin(K) + %sin3(K))

2 antiy+ L)+ 2 e
ACOR

M=3; F (D))



Theorem
VM € N, M finite we have

M
2i 2i DY
F (D(zM)> : Z 2p 7 Sin (2p — 1)K) = n 2 :'72p—1 sin 1 (K),
p=1

where K = kh/2.




Proof.
Let K := kh/2.
@ Since D( M) is of order 2M the difference in the symbols of 9/9z and
the symbol of D( M) must be of O (K2M*1) for small K.
@ Thus, we have

. M
_ 2K 20 - 2p—1 2M+1
F(0:) = ik === ;1:72"1 sinP 1K | + 0 (K ) .

This implies that the v, are the first M coefficients of a series
expansion of K in terms of sin K.




Set x = sin K for |K| < 7/2. Then, K =sin"1x, x € (—1,1) with

M
sin"ix = nyzp_lxzp_l +0 <X2M+1> )
p=1

Requiring this to be true VM € N implies that if a solution exists for
{fygp_l}zﬂzl, then it is unique. We note that the function Y(x) = sin~! x

obeys the differential equation
(1-x2)Y"—xY'"=0, x€(-1,1)

with the conditions
Y(0) =0, Y'(0) =1.



o Substituting, formally, the series expansion Y'(x) = > 2, Yap—1x3P~1

into the ODE we obtain the equation

(673 =)+ > Bap 1Pt =0
p=2

where
Bop-1=(2p + 1)(2P)V2p+1 — (2P — 1)*y2p-1.



o Substituting, formally, the series expansion Y'(x) = > 2, Yap—1x3P~1

into the ODE we obtain the equation
(673 =)+ > Bap 1Pt =0
p=2

where
Bop—1 = (2p + 1)(2p)12p+1 — (2P — 1)*72p-1.

1
@ This implies that y3 = 671, and

_ (2p—1)°
V2p+1 = m’)Qp—l:
[(2p — 3)11)?

which gives us the formula 72,1 = 2 )i
p—1)!



o Substituting, formally, the series expansion Y'(x) = > 2, Yap—1x3P~1

into the ODE we obtain the equation
(673 =)+ > Bap 1Pt =0
p=2

where
Bop—1 = (2p + 1)(2p)12p+1 — (2P — 1)*72p-1.

1
@ This implies that y3 = 671, and

_ (2p—1)°
V2p+1 = m72p—17
[(2p — 3)11]?

which gives us the formula 72,1 = 2p = 1)
@ From the initial conditions we see that v = 1.



@ To show direct equivalence, for integers 1 < j < M,
sin ((2/ — 1)K) = (1Y ' Tyj_1 (sin (K)),

T2j—1 (Chebyshev polynomials of degree 2j — 1) :

sin((2/ — 1)K) = Y _ o4 sin®? 1 (K),

p=1
for 1 < p </,
i _ (_1\2i—p—1 2j—1 (G+p—1) 92p—2
o = (=1)97°P (j+p—1)( G- )(2p—1)!'



@ Rearranging terms,

]—“(D(2M)> 2’22 sin ((2j — 1)K)

M )\2/\4 J
Z 21_112%5in2p’1(K).
2j p=1
@ This gives
(2M) 2j o & M3},
B ) — 2p—1
F (D% )_7; p2j_1a;, sin2P 1 (K)

— Ji



@ Putting things together,

MAszl 1)¥=P=2(j + p — 2)I[(2M — 1)!1]222P~1
Z 2 Z(Qp( ) U+p—2)N( i

—2j1 e —DIG = p)(2j — 1)(2M — 2))1(2M + 2j — 2)II"



@ Putting things together,

A (~1)¥P2(j + p— 2)I[(2M — 1)P2%]
J_ZPZJ—I P Z(2p—1|(j p)'(2j — 1)(2M = 2/)11(2M + 2j — 2)1I

@ Then a miracle occurs!

f: N IeM =R [r(p- 1))
=2-1F 2M2p -1l 4[r(m+ 1))
_lGp-3



Lemma

The series >~ | y2p-1 s convergent and its sum is /2.

Proof.
The values 2,1 are simply the Taylor coefficients of sin~*(x).




Maxwell’s equations in a Debye medium can be written using the electric
flux density D = e E + P

9B  OE
ot 0z’
oD 1 0B
at_,u,oaz’

oD 1. OE e
ot TP T TE



@ Second order in time and 2Mth order in space schemes that are
staggered in both space and time. (Here h = Az)

M
Jjt3 j+% >‘2p 1 n
=Tz -T2 _ s (Elp — Ef
At pz_:l (2p —1)Az ( J+p p+1)

j - Y 1 M )‘2p 1 n+% n+%
At o Zl (2p — 1)Az (Bj+p—1/2 - Bj—p+1/2) ’
p:

n+1 n+1 n+1 n+1
Dft-py 1D/ 4D g —E,-"+e_s<Ej +Ef’)
T

At T 2 T 0T AT 2



© Linear models.

© Analyze the models in the frequency domain.

© Look for plane wave solution numerically evaluated at the discrete
space-time point (t", z;), or (t"1/2, 2,1 5).

© Assume a spatial dependence of the form

ikz. 1

B3 (k)e 7%,

n+1
B. 12 -
J+5
n__ rn ikz;
El = E"(Kk)e',

Df = D"(k)el*,
e k: wavenumber



© Define the vector U"” = [é”_%, En, E()%oolA)"]T.

@ We obtain the system U"T! = AU", where the amplification matrix

A is
1 —0 0
A: ( 2+h‘r )0_* (2(1_q)_h‘r(775+q)) ( 2h7‘ )
2+ hens 2+ hens 2+ hrns
o* —q 1

M
- kA
0= —NeoAzF (Dgzliw)> = 2V E Yop—1 sin2P~1 (Tz) ,
p=1

q =00 = |0



The parameters ¢, Voo, hr and 15 are defined as

2 = 1/(eopoens) = G5 /€co

Voo = (CocAt)/ Az,
hy == At/T,

Ns ‘= Es/eooa

@ ¢p: Speed of light in vacuum
@ Cyo: speed of light in the Debye medium.
® vy Courant (stability) number.

@ €5 > €5 and 7 > 0.



© A scheme is stable <= the sequence (U") ¢ is bounded.

@ Since A does not depend on time, then U” = A"U°, and stability is
also the boundedness of (A"),en.

© If the eigenvalues of A, i.e., the roots of the Characteristic
Ponnomi.aI P@zM), lie outside‘ the unit circle, then A" grows
exponentially and the scheme is unstable

@ If the eigenvalues of A, lie inside the unit circle, then lim, o, A" =0
and the sequence is bounded.

© The intermediate case may lead to different situations.



The characteristic polynomial of the system U™t = AU" is

D 3 G€xo(2 + h;) — (6€xo + hres) 5
P(2’2M)(X) =X+ ( 2€00 + hré€s X

Géco(hr —2) 4 (6€0 — hres)
X
+ ( 2600 + hr€s

2600 — hre€s
260 + hres )




Theorem (Bokil-Gibson2011)

A necessary and sufficient stability condition for the (2,2M) scheme for
Debye is that q € (0,4), for all wavenumbers, k, i.e.,

2

M
kA
Z’sz—l sin?P~1 (—2Z> < 4, Yk,

p=1
which implies that
M

2 3||2
v [ S mpn | < 1= Z“g_l] <1
p=1 p=1 P




For different values of M we obtain the following stability conditions

A
M=1, v <1 At < =2,

Coo

1 A
M =2, Voo(1+6)<1<:>At<§—z,

(e.9]

120Az
149¢.,’

1 3
M= o |1+ =+ — 1 A
3, v (+6+40)< — At <

M

A

M=M, ve [ Y v2p1 | <1 At < z .
2 s [2o=3)FY

P=l (2p—1)! *



@ In the limiting case (as M — o0), we may evaluate the infinite series
using the convergence Lemma

@ Therefore,

2A
M:oo,l/oo<z><1<:>At< Z.
2 T Coo

© The positivity of the coefficients 72,1 gives that the constraint on
At is a lower bound on all constraints for any M. Therefore this
constraint guarantees stability for all orders.



@ This type of stability analysis can be applied to different polarization
models written as ODEs augmented to the Maxwell system, e.g.,
Lorentz, Drude, multipole Debye, Lorentz media.

@ The second point of view also helps in obtaining closed from
numerical dispersion relations for all (2,2M) order schemes. See
[Bokil-Gibson2011].



We plot the maximum complex-time eigenvalue for the schemes. For the
continuous model, this value should be one, thus the any difference is due
to numerical dissipation error.

Physical parameters:

€0 = 1
€s = 78.2

7 =28.1x 10712 sec.

These are appropriate constants for modeling water and are representative
of a large class of Debye type materials.



Debye stability for FD with h=0.1
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Debye stability for FD with h=0.01
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