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B
(?9_t +VxE=0,in(0,7)xD (Faraday)
oD .
E—FJ—VXH:O, in (0, T)xD (Ampere)
V:-D=V-B=0,in(0,T)xD (Poisson/Gauss)
E(0,x) = Eo; H(0,x) = Hyp, in D (Initial)
Exn=0, on(0,T)x 9D (Boundary)
E = Electric field vector D = Electric flux density
= Magnetic field vector B = Magnetic flux density
J = Current density n = Unit outward normal to 9D



Maxwell’s equations are completed by constitutive laws that describe the
response of the medium to the electromagnetic field.

D=cE+P

B=uH+M

J=0cE+ J;
P = Polarization € = Electric permittivity
M = Magnetization = Magnetic permeability
Js = Source Current o = Electric Conductivity

where € = €geso and = poftr.



We employ the physical assumption that electrons behave as damped
harmonic oscillators. The polarization is then defined as the average dipole
moment given by the Lorentz model:

P+2uP + wiP = eowf,E

where wy is the resonant frequency, v is a damping coefficient, and wy, is
referred to as a plasma frequency.



We employ the physical assumption that electrons behave as damped
harmonic oscillators. The polarization is then defined as the average dipole
moment given by the Lorentz model:

P+2uP +wiP = eowf,E

where wy is the resonant frequency, v is a damping coefficient, and wy, is
referred to as a plasma frequency.

Unfortunately many materials are not well modeled by a simple Lorentz
polarization, and practitioners resort to linear combinations of Lorentz
models, called a multi-pole Lorentz model.



The multi-pole Lorentz model motivates a continuum of Lorentz
mechanisms, i.e., a distribution of dielectric parameters. This is equivalent
to certain fractional-time differential equation models. We define a
random polarization to be a function of (at least one) dielectric parameter
treated as a random variable.



The multi-pole Lorentz model motivates a continuum of Lorentz
mechanisms, i.e., a distribution of dielectric parameters. This is equivalent
to certain fractional-time differential equation models. We define a
random polarization to be a function of (at least one) dielectric parameter
treated as a random variable.

The random Lorentz model is
P+ 2P + wiP = eowaE
where we let the parameter wg be a random variable with probability

distribution F on the interval (a, b). The macroscopic polarization is then
taken to be the expected value of the random polarization,

b
P(t,z)z/a P(t,z;w%) dF(w(z]).



In a polydisperse Lorentz material, we have

oH

Ho gy = -V xE (1a)
OE oP
EOEOOE =V xH- E (1b)
P+ 2uP 4+ WiP = eow3E (1c)

with .
P(t,x):/ P(t,x;wg)f(wg)dwg.



For simplicity in exposition and to facilitate analysis, we reduce the
Maxwell-Random Lorentz model to two spatial dimensions (we make the
assumption that fields do not exhibit variation in the z direction).

OH

po 5, = —curl E, (2a)
60600% =curl H-J, (2b)
88_7; — 7 (20)

88_{ =-2vJ — w%P + eow?,E (2d)

where E = (E, E,))T,3 = (Ui, Jy) T, T = (T, T)) T, P = (Px, P,)" and
H=H,.

-
_ 9y, oau _(av _8v
Note curl U = 5 — By and curl V = (8—y, W) .



L MaeelRendom Lorent st R
We introduce the random Hilbert space Vr = (L%(Q) ® L?(D))? equipped
with an inner product and norm as follows

(qu)F = E[(U,V)Q],
lullz = E[[ul3].

The weak formulation of the 2D Maxwell-Random Lorentz TE system is

(MO%—’:, v)2 — (—cwl E, v), (3a)
(eoew%, u>2 — (curl H,u), — (J,u), (3b)
(Fra) =@ (3)
(%—‘Z, w) = (20T, wW)g + (—wgP,w)  + (cowpE,w) .. (3d)

for v € L2(D), u € Hp(curl, D)?, and q,w € VE.
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Maxwell-Random Lorentz System Random Lorentz Stability

Theorem (Stability of Maxwell-Random Lorentz)

Let D C R? and suppose that E € C(0, T; Hy(curl, D)) N C(0, T; (L3(D))?),

P,J € CY0, T; (L*(Q) ® L2(D))2), and H(t) € C1(0, T; L3(D)) are solutions of
the weak formulation for the Maxwell-Random Lorentz system along with PEC
boundary conditions. Then the system exhibits energy decay

E(t) < &(0) Vt >0,

where the energy £(t) is defined as

p= s el v ol i el | o,

where ||u||2 = E[||u||3] and J = 2&
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Proof: (for 2D)

By choosing v =H, u=E, q =P and w = J in the weak form, and
adding all equations into the time derivative of the definition of £2, we

obtain

ldf,'z(t) =— (curl E, H)2 + (H,curl E) — (J,E)2 + (

2 dt
(ew) (&) o

H €0w2

,7.7)
€ow F

2
dé(t) -1 2v
= <0.
dt E(t) eow,%j =0




We wish to approximate the random polarization with orthogonal
polynomials of the standard random variable &. Let wg =ré+ mand
5 € [_17 1]



We wish to approximate the random polarization with orthogonal
polynomials of the standard random variable &. Let Wo ré + m and

¢ € [-1,1]. Suppressing the dimension of P and the spatial dependence,
we have

P& t) =) ai(t)i(§) = P+ 20P + (r + m)P = eqw}E.
i=0

Utilizing the Triple Recursion Relation for orthogonal polynomials:

§¢n(§) = an¢n+1(§) + bn¢n(§) + Cn¢n—1(§)a

the differential equation becomes
Z [di(t) + 2va;(t) + mai(t)] di+rai(t) [aidic1 + bidi + cipi—1] = 60w55¢0~



We apply a Galerkin Projection onto the space of polynomials of degree at

most p to get: ) _
a+2va+Ad=f

where f = éleow,%E and

bo 1 0 0
a0 b1 () :
A=rM+ml, M=| g 0
: ap—2  bp_1 Cp
0o .- 0 ap-1 by

Or we can write as a first order system:

—

B
B=—Ad - 2vB+f.

a



We now choose a space-time discretization of the Maxwell-PC Lorentz
model. Note that any scheme can be used, independently of the spectral
approach in random space employed here.

@ This gives an explicit second order accurate scheme in time and space.

@ It is conditionally stable with the CFL condition

Coo At 1
<
P

N

where ¢, = 1/,/l10€0€ is the fastest wave speed in the medium, d
is the spatial dimension, and h is the (uniform) spatial step.

@ The Yee scheme can exhibit numerical dispersion and dissipation.




We stagger three discrete meshes in the x and y directions and two
discrete meshes in time:

T ::{(xul,yj) |O§€§L—1,0§j§J}

E . {<X£7}/J+>|O<£<LO<J<J—1}

o
I

= { ()0 e<i-10< <1}
rE = ()]0 < n < N}
TtH::{(n+2>|0<n<N—1}



Let U be one of the field variables: H, Ex, Ey, dx, dy, Bx, By. Let (xi, ;)
be a node on any discrete spatial mesh, and + be either n or n+ % with

v <N.
We define the grid functions or the numerical approximations

U7J ~ U(xi, yj, t7).



Let U be one of the field variables: H, Ex, Ey, dx, dy, Bx, By. Let (xi, ;)
be a node on any discrete spatial mesh, and + be either n or n+ % with
v <N.

We define the grid functions or the numerical approximations

Ul = U(xi, yjs t7).

We define the centered temporal difference operator and a discrete time
averaging operation as

0T Uit ye
R ) A 24Ul

v i i Vo i ij

ol = —Ar Uiji=—"——F—"—, ()



Maxwell-PC FDTD Lorentz

Let U be one of the field variables: H, E, E,, dx, @y, Bx, fy. Let (xi,))
be a node on any discrete spatial mesh, and v be either n or n + % with
v <N.

We define the grid functions or the numerical approximations

Ul = U(x, y;, 7).

We define the centered temporal difference operator and a discrete time
averaging operation as

41 _1 41 _1
;Y' 2 _ I'Y 2 . U;Y- 2 4 U;Y- 2
) U’Y — ] J U’ = J o (5)

t N At 9 N 2 9

and the centered spatial difference operators in the x and y direction,
respectively as

U’Y 1. U’y 1 - U’Y 1 'Y 1
I+5.J I=54J IJj+3 iJ—3
G Ul = —2 22 U] = ——5 - ©
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S el L
The Yee Scheme applied to the Maxwell-PC Lorentz yields

n — n — n
'uo(stHZ-i-%,j'i‘% - <5yEXe+%,j+% 6XEyZ+%J+%> (72)
1 1 __IH'l
n+ n+ 2
cnedEr 2 =8, H 2 _— b
0€000t Xl Yyl /BO,XH%J- (7b)
1 1 —n+3
nts n+;3 2
606005tEy€7j+% = 6XHZ,j+% BO,y&H% (7C)
1 —n+i
_n+ g 2
st = 7d
%1 X3 (7)
1 —n+i
N+ 7 2
5. Te
Y} ﬂyﬁﬁ% (e
1 __ﬂ"’l =1 1
= n+ =n+ 2 A 2Nt
5 2 _ 4 2 U + & eqwiE, "2 7f
t'BXHl, Xerl Xev 3 0% Xeryi (7f)
1
5077 = _AG™ _ouF 7 4 ereqw?E"? (78)
t Yo jil y£7j+% 7 % 1C0%p Yo %



Next, we define the L? normed spaces

EY
Ve {Firfxry — R F=(Fy, F, ) IFle <o} (8)

V= {U = R U= (Uyyjas) U < o0} 9)
with the following discrete norms and inner products
L—1J-1
IFI2 = axay SN (|FXM|2 +1F,,, |2),v FeVe (10)
=0 j=0 : ’
L-1J-1
(F,G)r = AxAyZZ ( P Gym%),v F.GeVe (1)
¢=0 j=0
L—1J-1
U = Axty S Wiy U s (12)
=0 j=0
L—1J-1
(U V)= DxBy Y > Upir ji1Vig1jo1, ¥V U, V €V, (13)
£=0 j=0



Maxwell-PC FDTD Lorentz [ESEIIVEALEINES

We define a space and inner product for the random polarization in

vector notation, since & and 3 are now 2 X p + 1 matrices:
L ~ . _FE, E, 2 p+1 - -
Voi=qa i x7,” — R xR a=lag,...,op, 0 € Vg, [|@]|o < 0

where the discrete L2 grid norm and inner product are defined as

We choose both spatial steps to be uniform and equal
(Ax = Ay = h), and require that the usual CFL condition for two
dimensions holds:

V2c, At < h. (14)
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Maxwell-PC FDTD Lorentz [ESEIIVEALEINES

Theorem (Energy Decay for Maxwell-PC Lorentz-FDTD)

If the stability condition (14) is satisfied, then the Yee scheme for the 2D TE
mode Maxwell-PC Lorentz system satisfies the discrete identity

12
2v E"ﬁ
€ow3

e

-1

7n+%
Eh

5.EME = (15)

for all n where

2
1 _1 Al/2 - 1 =n
& = | po(H™ %, H™ )y + || Veoew E"|I% + | —==a"| +||,/—=8
,/eowf, €oWp

defines a discrete energy.

)\ 12
(16)

In the above, A positive definite iff r < m, and assumed to have been
symmetrized.

Note that ||a&||2 ~ ||E[P]||3 + ||StdDev(P)|3 = E[||P||3] = ||P||% so that this is a
natural extension of the Maxwell-Random Lorentz energy.

N. L. Gibson (Oregon State) Maxwell-PC Lorentz AMMCS 2019 21/29



Maxwell-PC FDTD Lorentz Dispersion Analysis

Assuming a solution to the Maxwell-Random Lorentz system of the form

E = Egexp(i(wt — k - X)), the following relation must hold.

Theorem

The dispersion relation for the Maxwell-Random Lorentz system is given by

w2

?G(W) = k?

where the expected complex permittivity is given by

1
_ 2
€(w) = €0 + wplE [wg — o i2uw] .

Where k = [ky, ky, k] is the wave vector, k? = k2 + k2 + kZ is the
wavenumber (squared) and ¢ = 1/, /1g€o is the speed of light.

N. L. Gibson (Oregon State) Maxwell-PC Lorentz AMMCS 2019

22/29



Maxwell-PC FDTD Lorentz Dispersion Analysis

Theorem
The discrete dispersion relation for the Maxwell-PC FDTD Lorentz scheme
is given by

WA

2 EA(W) = ki

where the discrete expected complex permittivity is given by
A g =1 A
ea(w) =€ + wf,’AelT (Aa — wal — i2vawal) " &

and the discrete wavenumber is given by

kA = \/Xi +)/i,

L 2 . kX7AAX L 2 . ky7AAy
XA = Ax Sin T s XA — Fysln T
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and the discrete PC matrix and discrete damping are given by

Ap = cos?(wAt/2)A, vp = cos (WTAt) v

Similarly,




The exact dispersion relation can be compared with a discrete dispersion
relation to determine the amount of dispersion error.
We define the phase error ® for a scheme applied to a model to be

o = | Kex —ka (17)
kex

bl

where the numerical wave number ka is implicitly determined by the
corresponding discrete dispersion relation and kgx is the exact wave
number for the given model.



The exact dispersion relation can be compared with a discrete dispersion
relation to determine the amount of dispersion error.
We define the phase error ® for a scheme applied to a model to be

kex — ka

b =
kex

; (17)

where the numerical wave number ka is implicitly determined by the
corresponding discrete dispersion relation and kgx is the exact wave
number for the given model.

@ We wish to examine the phase error as a function of w in the range
around wy. At is determined by h :=woAt/(27), while Ax = Ay
are determined by the CFL condition.

@ We assume a uniform distribution and the following parameters
Lorentz material:

€oo =1, € =225 v =28x10"1/sec, @y =4x10° rad/sec.



. PC Lorentz Dispersion with h=0.1 and p=1
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Figure: Plots of phase error at § = 0.
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Figure: Plots of phase error at § = 0.
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Figure: Plots of phase error at § = 0.
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