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Abstract. The filtered backprojection algorithm is probably the most often used recon-
struction algorithm in 2D-computerized tomography. For a semi-discrete version in the
parallel scanning geometry we prove optimal L?-convergence rates for density distributions
in Sobolev spaces. Additionally we show L*-convergence without rates when the density
distribution is only in L2. The key to success is a new representation of the filtered back-
projection which enables us to apply techniques from approximation theory. Our analysis
provides further a modification of the Shepp-Logan reconstruction filter with an improved
convergence behavior. Numerical experiments in the fully discrete setting reproduce the
theoretical predictions.
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1. Filters in Tomography. Tomographic reconstruction means find-
ing a density distribution f from all its line integrals ¢ = Rf. Here, R
denotes the Radon transform,

Rf(s,0) = / f(2) dofz),

L(s,9)NQ

mapping a function to its integrals over the lines L(s,9) = {rw>(d) +
sw(®¥)|T € R} where s € R, w(d) = (cos 9, sin 9¥)¢, and w' () = (—sin 4,
cos ¥9)! for 9 €]0, 7[. This parameterization of lines gives rise to the parallel
scanning geometry. The Radon transform R maps L%(Q) boundedly to
L?(Z) where Q is the unit ball in R? centered about the origin and Z is the
rectangle Z =] — 1,1 x |0, 7[.

Analytically tomographic reconstruction is represented by the inversion
formula

f=@2r)"'R"Ag (1.1)
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2 A. RIEDER AND A. FARIDANI

where the backprojection operator R* : L?(Z) — L?(Q) is the adjoint to R,
R*®(z) := / (2t w(19),d) dy.
0

Formally, A is the square root of the 1D Laplacian —A: A = (=A)'/2. In
(1.1), A acts on the variable s of g. For a proof of (1.1) see, e.g., Natterer [14].

Due to the compactness of R the reconstruction of f from noisy Radon
data g by (1.1) is unstable (A amplifies high frequencies). A stable algorithm
of tomographic reconstruction is therefore based on

f*efy = R*(’U»y *g g), ey = R*’Ufy, (12)

where x denotes convolution and x; denotes convolution with respect to the
variable s. In (1.2) ey(z) = e(z/v)/v%, v > 0, and e = e; is a mollifier,
that is, a smooth function with normalized mean value. Thus, f xe, is a
smoothed or mollified approximation to f. The function v = vy is called
reconstruction kernel or reconstruction filter which is independent of the
angle 9 for radially symmetric mollifiers (which we assume in the sequel).
Note that v, (s) = v(s/vy)/7?. By the inversion formula (1.1) we can compute
the reconstruction kernel from a mollifier e:

v = 1 ARe (1.3)
27
The convolution v, x4 g realizes a low pass filtered version of Ag/(27).

A straightforward discretization of (1.2) together with an interpolation
step yields the filtered backprojection algorithm (FBA) which is the most fre-
quently used algorithm in computerized tomography, see, e.g., Natterer [14,
chap. V]. In the sequel let f be a density distribution compactly supported
in Q. If we assume to know the discrete Radon data g ; := Rf(sg,?;) for
sk =k/g, k= —q,...,q, and 9; = jm/p, j = 0,...,p — 1, then the FBA
reconstructs frg by

fr(z) = Ryl (w*q g)(2). (1.4)
In the FBA, first the discrete convolution
1
(w*g 9)ej = 7 > week gry = (vy % g(95)) (s0) (1.5)
keZ

is performed where {wy} is a weight sequence associated with the chosen
kernel v,,. In the second step, an interpolation operator Ij, is applied (with
respect to £). Finally, the discrete backprojection operator

R;®(z) = Bz w(¥;),9;) (1.6)

U
p
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is evaluated.

Except for the interpolation process, the discrete convolution (1.5) is the
most delicate step in the FBA: the discrete convolution kernel {wy} has to
be chosen carefully from the continuous kernel v,. For instance, a common
choice is

Wy = Uy(Sk)- (1.7)

Here v has to be adjusted to the discretization step size h = 1/q. The
sensitivity of the reconstructed image to 7y has been noticed probably for the
first time by Smith in [22, p. 20]. Rules for selecting v have been suggested
by Smith and Keinert [23, sec. VI], Natterer [14] and Rieder [16]. For local
tomography, see Faridani [8] and Rieder et al. [17].

Smith [22, pp. 18-19] propagated a different way to define the wy’s. He
intended the discrete convolution (1.5) to be exact for a large class of func-
tions. Let Fpu be an approximation to the function u given as superposition
of translated and scaled versions of a function B, that is,

Epu(s) = Zu(sk) Bp(s —sk) where By(s) = B(s/h). (1.8)
keZ

For instance, E}, could be an interpolation operator. Defining

1 1
wy = I/Uv(s) Bp(s —s) ds = EUV*Bh(Sk)a k ez, (1.9)
we have that

(wHqu)p = vy xs Epu(se), £€7Z.

Moreover, if E}, is interpolating then
(w*q Epu)e = vy xs Epu(se), L€,

that is, the discrete convolution (1.5) is exact for Eju. Numerical as well
as theoretical considerations, see [16, 22], showed that the reconstructed
images frp are less sensitive to changes in ¥ when working with (1.9) rather
than working with (1.7). Indeed, we will show in the next section that the
discrete filter {wy} from (1.9) converges for v — 0 and that its limit {wg°}
is again a reconstruction filter belonging to a compactly supported mollifier.
This limit filter has an interesting feature: computing AE,u(sy)/(27) can
now be realized by the discrete convolution

L AEpu(sp) = (w™ x4 u)y.

2
The latter equation is the starting point in Section 3 for a re-formulation
of the FBA leading to optimal L?-convergence rates in a semi-discrete set-
ting (Theorem 3.7) where in (1.4) the discrete backprojection operator R,
is replaced by the continuous one R*. We see how the reconstruction fil-

ter, the interpolation process (I in (1.4)), and the Sobolev regularity of the
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searched-for density distribution influence the convergence rate. As a by-
product of our analysis we discover a new reconstruction filter (Example 4.1)
with an improved convergence behavior compared to the widely used Shepp-
Logan filter [21] (Sections 4 and 5). Indeed, our modified Shepp-Logan filter
yields optimal convergence for Sobolev orders up to 5/2 whereas the conver-
gence order of the original Shepp-Logan filter saturates at 2 (Example 5.1).
Numerical experiments in the fully discrete setting of (1.4) agree completely
with our theoretical predictions and are presented in Section 6. Auxiliary
but new approximation properties of (quasi) interpolation operators, which
we need for the analysis, are proved in several appendices.

2. The limit. We will now investigate the convergence in Sobolev
spaces of vy x B as 7y tends to zero. We define the Sobolev spaces H*(RY),
a € R, to be the closure of L2(R?) with respect to the norm

I = [+ 1P (TP g

where f(f) = (2m)~4/? Jga f(z) e™*€' 4z is the Fourier transform of a func-
tion f in L'(R%) N L?(R?). The Fourier transform can be extended to L-
functions and tempered distributions by continuity and duality, respectively.
The A-operator,

~

AF(€) = |lell Fee),

maps H*(R?) boundedly to H*~'(R?).

The latter mapping property of A together with a smoothing effect of R,
see [14, chap. II, th. 5.1], and the Sobolev embedding theorem show that
v from (1.3) is continuous whenever e is a radially symmetric compactly
supported mollifier in H*(R?), o > 1. Furthermore, v € L'(R), see [16,
lemma 3.1]. Thus, vy x B is well defined in H*(R) for B € H(R), ¢t € R,
see, e.g., Aubin [1, proposition 9.3.2].

LEMMA 2.1. Let e € H*(R?), a > 1, be a radially symmetric compactly

supported mollifier and let v be the corresponding reconstruction kernel (1.3).
Then,

1
1'H ——AH - 2 2.1
Jimy oy — o ) s 0 forany B >3/ (2.1)

where § denotes the Dirac generalized function. Moreover, if B € H!(R),
t € R, then

1
rH B——Aﬂ‘ — 0. 2.9
Ty oy * B = 5 ABJ| (22)

For values of s such that AB is continuous near s we have

. 1
’}/ILI(I)U,Y*B(S) =5 AB(s).
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Proof. We prove (2.2) which then implies (2.1) when setting B = § and
recalling that § € HY(R) for ¢t < —1/2. With

(&) = L+ [P [V2r 55(9) B(o) - [¢] B(e)/2m)|”

we obtain that

1

HUV*B—%ABHj_l _ /RI(ﬁ,y) dé.

By the projection slice theorem, see, e.g., Natterer [14, chap. II, th. 1.1], we
find (e is a radially symmetric function)

. 1 — 1 N 1 N
vy(&) = or €] Re,(§) = o 1] €5(£,0) = o 1| e(v€,0)
which yields
I(6,7) < (L+ €)Y [B©)]? [etv¢,0) — 1/@m)|.

The stated convergence follows now from e(0,0) = 1/(2x), the Riemann-
Lebesgue lemma, and the dominated convergence theorem. o

|

Let us look at an example. For x being the indicator function of the
interval [—1/2,1/2] we are able to compute Ax by

1
M) = =3 [ls=t 2 xtt) dt [s| > 172 (2.3
T JR
see Faridani et al. [9, formula (2.1)]. Evaluating the integral gives
4 1
A = - —. 2.4
X = =t (2.4

The above formula holds for all s € R\ {—1/2,1/2}. This can be verified
using the relation A(1—yx) = —Ax and applying formula (2.1) of [9] to 1 —x;,
the indicator function of R\ [—1/2,1/2]. So we have that

2 1
w2 1 —4g2’

lig 0, % x(s) = s #1/2.

In weaker Sobolev norms we even can give convergence rates. For for-
mulating the respective result and later in the paper we use the following
convenient notation: A < B indicates the existence of a generic constant ¢
such that A < ¢ B holds uniformly with respect to all parameters A and B
may depend on.

COROLLARY 2.2. Let 0 < s < 2. Under the assumptions of Lemma 2.1
we have that |
«B— —ABH <+ ||B]|s.
o # 8= 5288] L S v Bl
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Proof. As in the proof of Lemma 2.1 we obtain that

R /R (1+ €2~ | B> M(y£,0) de

where M(z) := |e(z) — 1/(27)|?, z € R%. Since e is an even function all
its first order moments vanish. Therefore, all first order derivatives of € are
zero at the origin. Thus the Taylor expansion of € about the origin becomes

- 1 DVel

e(z) = — + Z y 2V fora 1, €[0,1]
veNZ '

v1+rve=2

which yields M (z) < ||z||*. Now let s € [0,2]. Then,

1 2 B2 2\t—s
JossB-goaBl S [ IBOP (P MO0 d
5 [€1<1/

+ / B> (1+ [¢2)~ de
|€[>1/y

2 _
Sot [ BOP aleP) i a
E1<1/y
=P _
b [ BOP @) je de
€>1/y
Both latter terms can be bounded by v%* || B||?. a

REMARK 2.3. The generalization of Corollary 2.2 to reconstruction
kernels v belonging to mollifiers with higher order vanishing moments is
obvious.

3. The FBA is optimal. We will re-formulate the FBA (1.4) for the
limit filters considered in the former section, see (3.2) below. This new
representation of the FBA allows us to introduce a novel error analysis
which shows that the FBA is optimal for tomographic inversion.

3.1. A new representation of the FBA. We start with the follow-
ing simple observation.

LEMMA 3.1. Let B be in HY(R) for a t € R such that AB(s) is contin-
uous near integer values of s. For ¢(s) = Y ,c;cx Br(s — hk), where {c}}
s a finite sequence and h is positive, we have

Ap(ht) = h' > e AB(L—k), LELZ.
kEZ
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Proof. The statement follows directly from the relations ABj(s) =
AB(s/h)/h and AT® = T®A where T® is the translation operator T%u(s) =
u(s — a). 0

REMARK 3.2. Relying on Lemma 3.1 we easily derive that

2 1
T

q
PRy = ZAx(k) for any ¢ € Ny

k=—q

where y is as in (2.3). To prove the above identity we only mention that
Ez:ﬂ] X (- —k) is the characteristic function of the interval [—¢g—1/2, ¢+1/2].

Let the operator Ej, be given by (1.8) with B as in Lemma 3.1. Define
the discrete reconstruction kernel {wp°} by

1
2m h?

where v2°(s) = v*>°(s/h)/h* and v>®°(s) := AB(s)/(2). Then, the discrete
convolution (1.5) can be written as the A-operator applied ezactly to a func-
tion approximating ¢g from discrete values:

wy =

AB(k) = v°(hk) (3.1)

1
(,woo *q g)l,j = % (AEhg(aﬁj))(hg)a leZ.

Thus, the reconstructed image frg may be re-written as

fre(z) = % RyI,AEpg(z), (3.2)

see (1.4). Please observe that the three operators Ej, A, and Ij, act on the
first variable of the data ¢ = Rf.

ExXAMPLE 3.3. Let B = x be the characteristic function of [—-1/2,1/2].
Then, the reconstruction kernel w™ used for evaluating (3.2) is

2 1
w2 h? 1 —4k2

wp =

which follows from (2.4) and (3.1). Here, w™ is the discrete Shepp-Logan
reconstruction filter [21]. &

REMARK 3.4. Let the discrete reconstruction kernel {wy} be given
by (1.9). Due to Lemma 2.1 we obtain lim,_,o wj, = w;° implying that

. 1
%IL% (w *q g)Z,j = % (AEhg(aﬁ]))(h’g)a L e Z.
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F1c. 3.1. Radial part of limit mollifier e* (3.4) where B is the linear (left) and the
quadratic (right) B-spline, respectively.

We next ask the question which mollifier e* belongs to the reconstruc-
tion kernel v*° (3.1)? By (1.3) and the projection slice theorem we find
that

e3(¢) = B(lel)/Var, ¢ e R, (3.3)
which yields (Jo denoting the Bessel function of the first kind of order 0)
1 RPN
(z) = / r B(r) Jo(lz|r) dr. (3.4)
0

Ver

In view of (3.3) the mollifier > is in L?(R?) if lim,_, o 7 |§(r)| = 0. Further,
a compact support of B implies a compact support of e*°. More precisely,
let B be even with supp B C [—R, R] then suppe™® C {z € R?|||z|| < R}.
The latter statement is a consequence from the Paley-Wiener theorems, see,
e.g., Rudin [19, chap. 7].

ExXAMPLE 3.5. Let B = x be the characteristic function of the interval
[—1/2,1/2]. By formula 6.671.7 from [11] we find that

2 1
= —— : |z|| <1/2
eoo(glj) = & 1—4]|z[|? || H /
0 :  otherwise
which is the mollifier belonging to v™°(s) = ;-Ax(s) = % (1 — 45%) 7!, see
(2.4). The graphs of the radial parts of e® with respect to the linear and
quadratic B-splines are plotted in Figure 3.1.

3.2. A novel error estimate. The new representation (3.2) of the
FBA gives us the freedom to provide a novel error analysis based on prin-
ciples from approximation theory. Indeed, we will be able to prove L?-
convergence of the FBA with optimal rates.

In contrast, the error estimates based on Fourier analysis, see Nat-
terer [14, chap. V] and Faridani and Ritman [10] are of qualitative nature in
terms of essentially band limited functions. Since the used main tool is the
Poisson summation formula the considered density distributions are required
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to be continuous functions at least (fe L'). Convergence has been shown
before: Popov [15] established pointwise convergence restricted to a small
class of functions (piecewise € with jumps across smooth curves). The ap-
proach of Rieder and Schuster [18] leads to L2-convergence for f € H (),
a > 1/2, however, with suboptimal rates.

In our analysis below we will not take into account the error introduced
by discretizing the backprojection R*, that is, our model of the FBA recon-

structs frp by
~ 1,
fre(z) = 7. B LAERS (), (3.5)
compare (3.2). N
Before bounding the reconstruction error of frg we generalize both op-

erators I, and Ij,. For u € H*(R), o € R, we define

Bru(s) == h™" > (u,en(- — s)) Bnls — si) (3.6)
kEZ

where €, (s) = €(s/h) with ¢ € H~*(R) being even and €(0) = 1/v/27. Fur-
ther, (-,-) denotes the duality pairing in H%(R) x H *(R). For u € H*(R),
a > 1/2, we may choose € = § (Dirac distribution). Thus, h=! (u, e, (- —
sk)) = u(sg) and the general form (3.6) of Fj coincides with its former
definition (1.8). We extended the domain of definition of Ej, to cover (gen-
eralized) functions in H*(R) with o < 1/2.

The re-definition of Ej, was necessary because we apply Ej, to Rf(+, 1),
see (3.5), and we only have that Rf(-,9) € Hé/Z(—l,l) for f € L*(Q)
and almost all . Moreover, our new model allows for finite width of the
rays and detector inhomogeneities in the observed semi-discrete Radon data,
see Natterer [14, chap. V.5.1]. Indeed, for € being a non-negative function
compactly supported in [—1/2,1/2] with a normalized mean value we obtain

Sp+h/2
WU (RS, 0),en(- — sp)) = b /Rf(s,ﬁ)eh(s—sk)ds. (3.7)
sg—h/2

Hence, € can be seen as the sensitivity profile of the X-ray detectors.
In a very similar way we define I;, by

Thu(s) i= =" > (u,mu(- = sk)) An(s — sp) (3.8)
keZ

where n and A are like € and B from (3.6), respectively.
Our modifications of E}, and I, do not affect the efficient computation of
I,AERRf(-,9)/(27) by discrete convolution. A straight forward calculation

reveals that
o= (LABRF(,9)(5) = 3 (wg g°,9)), An(s — 50
LeL
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where g°(s,9) = (Rf(-,9)xs€n)(s)/h, see (3.7), and the discrete reconstruc-
tion kernel w is given by

w, = v(r)/h?, r €Z,
i S OOO'AO'AO' cos(so) do
with v(s) := /0 B(o) n(o) (so) do.

™

(3.9)

The above integral exists as a duality pairing whenever B € H'(R) and
n € H'7Y(R).

ExaMPLE 3.6. We will give the Shepp-Logan reconstruction filter a
new interpretation. To this end, let B(s) = sinc(w s) be the interpolating
function used to define Fj,. In I let n be the characteristic function of
the interval [—1/2,1/2]. We obtain B = X[,,m]/\/ﬁ (xp characteristic
function of interval D) and 7)(0) = sinc(o/2)/+v/2n. Hence,

2 2ssin(rs)—1 9 2 1
v(s) = o) 121 and wy = v(k)/h* = =5 T ar
see Example 3.3 and compare formula (1.22) on page 111 in [14]. &

In estimating the reconstruction error below we will need that the inver-
sion formula (1.1) holds true for functions in L?(€2), that is,

f = (27) 'R*ARf for any f € L?(Q). (3.10)

As far as we know the most general version of (1.1) is due to Smith et
al. [24, p. 1257] requiring a compactly supported f € HY(R?) with a > 1/2.
To verify (3.10) we recall the following mapping property of the Radon
transform,

R: H(Q) — H@T/29  is bounded for any o > 0, (3.11)

which is due to Louis and Natterer [13, th. 3.1], see also [14, th. IL.5.1].
Above, H§ () is the closure of C3°(£2), the space of infinitely differentiable
functions compactly supported in €2, with respect to the norm ||-||. Further,
H(9) is the tensor product space H?(R)®L?(0, ).

Now the validity of (3.10) can be seen from the following three facts:
1. The operator R* AR : L%(Q) — L?(9) is bounded since all three mappings
R : L*(Q) — HW/20 A . g(/20 5 gE1/20 and R* . H/20)
L?(Q) are bounded.* 2. Formula (3.10) applies to all f € C3°(Q2), see, e.g.,
Natterer [14, th. I1.2.1]. 8. The space C§°(92) is dense in L2((2).

*The continuity of R* : H("1/29 5 [2(Q) follows from (3.11) by duality.
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After these preparations we concentrate on the reconstruction error for
fin H§ (), a > 0. Relying on (3.10) we begin with

v 1
i =Sl = 5 IRTABIRS ~ RARS
(R~ RABRS

+ R A(ERS = Rf)| 20

and proceed by estimating both norms on the right hand side.
We saw above that R*A maps H(1/20) boundedly to L?(£2). Hence,

IR A(EARS = RS)|20) S [EWRS = RS /2.0

Now we need an approximation property of E}. Therefore, we assume there
are non-negative constants Tmax and Bmin < Bmax such that

HEhu —uHT S BT |lulls as h — 0 (3.12a)
for Bmin < B < Bmaxs 0 <7< B, 7 < Tmax, u € Hy(~1,1).  (3.12b)

IA

For instance, if F} represents piecewise linear interpolation’ then (3.12)
holds with Bpax = 2, Bmin > 1/2, and Tmax < 3/2. For piecewise linear
interpolation the approximation property (3.12) is a classical result when
7 € {0,1} and g = 2, see, e.g., Strang and Fix [25, th. 1.3]. Also band-
limited interpolation? yields (3.12) with Smin > 1/2 and any Bmax = Tmax <
oo. In Appendices A and B we prove (3.12) for more general interpolation-
like operators Ej, where SBmin = 0.

Estimates of terms from above by powers of h (like (3.12)) are in the
sequel always understood asymptotically in the sense of h — 0.

Assume (3.12) to hold with Bpax > 1/2 and Tyax > 1/2. If max{0, Bmin —
1/2} < a < fmax — 1/2 then

(3.11)
IR AEBLRS ~RS) || oy S 1 IR girziess S 0[]l

Now we turn to ||(R*I; — R*)AE,Rf| 12(q) which we estimate according to
HR* (Ih - I)AEhRfHLz(Q) <

IR N gr120 5 1200) 1T = Ll ge12@y—s m-172(m)
X A[ gat1/2 () mo—12) 1ERRS | gra/ata.0

where I : H*~'/?(R) < H~'/2(R) is the canonical inclusion. Observe that
(3.12) implies the boundedness of Ej, : Hé/%a(—l,l) — H'Y?*(R) uni-
formly in A for 0 < a < min{fmax, Tmax} — 1/2. Thus,

(3.11)
I1ExRfll gareran S IRflgastan S [Ifla

te is the Dirac distribution and B is the linear B-spline.
te is the Dirac distribution and B(z) = sinc(rz).
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For the operator Ij, we require that
1Th = Il ga-1/2m)ysm-1/2m) S B ash = 0for 0 <a<ar (3.13)
which yields that
[(RTh = R)AERS 1) S b [l
Thus, we have proven the following theorem.

THEOREM 3.7. Assume (3.12) to hold with fmax > 1/2 and Tmax > 1/2.
Further, let there exist an ar > 0 such that (3.13) holds true.

If max{0, Bmin — 1/2} < a < min{al, Bmax — 1/2, Tmax — 1/2} and f €
H§ () then

1
- - RTABRf| < ne h— 0. 3.14
|7 = s RBABR| B 0 (3.14)

The best possible L?-convergence rate for the reconstruction of f €
H§ () from Radon data sampled at distance h is h® as h — 0, see Nat-
terer [14, chap. IV, th. 2.2]. So we just proved that the FBA with an
‘averaged’ limit kernel (3.9) is an optimal reconstruction algorithm (at least
for semi-discrete data). The range of Sobolev orders yielding optimal con-
vergence depends on the chosen filter and the used interpolation procedure.

EXAMPLE 3.8. Here we provide a simple example for (3.13) which results
in a convergence proof of the FBA with Shepp-Logan filter and nearest-
neighbor interpolation.

To this end let both n and A be first order B-splines, that is, n =
A = X[_1/2,1/2]- In this situation (3.13) applies with a1 = 3/2 as we will
demonstrate now. By Theorem A.2,

Thu —ull, S AP lullg (3.15)
for 0 <7< B <1and 7 <1/2. To estimate ||[T,u — ul|_ /o we use a duality

argument and the symmetry I, = Iy where I} is the L?-adjoint of I,. We
find that, for 0 < a < 1/2,

(Ihu - U,’U) (U,Ih’U - ’U>
[Thu —ull—yp =  sup —pm—"— = sUp ——p "
veH/2(R) [v]l1/2 veH/2(R) [v]l1/2
i | 515) (3.16)
Ih'l) — Ull1/2— .
2o S O fullg jo-

< luflaijz  sup
veH/2(R) [v]l1/2
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For 1/2 < a < 3/2 we estimate similarly relying on 17 = Ij,:

I, — I)?u,v Ipu —u,Ipv — v
Thw —ul| yp = sup (=D u,0) sup ( )
veH/2(R) ||U||1/2 veH/2(R) ||U||1/2
1Tho — vl 2 (ry
< u-ulpe s e TEE (3.17)
veH/2(R) ||U||1/2
(315 a—1/2 1/2
S h ||UHa—1/2h .

Hence, (3.13) holds for ar = 3/2.

Recalling Example 3.6 we observe that FBA with Shepp-Logan filter
and nearest-neighbor interpolation is represented by B(s) = sinc(m s) and
n = A = X[—1/2,1/2[ in our framework (3.5). Therefore, our results from
Appendix B give that

|Fs = Fll gy S A2 | flla for f € HE(Q), >0,

as long as € is either an even, compactly supported and normalized L?-
function (Theorem B.2) or the Dirac distribution (Theorem B.4). &

In the next section we will generalize the above example covering espe-
cially piecewise linear interpolation in Ij,.

So far we have not shown L?-convergence of the FBA when the searched-
for density distribution is only in L?(Q). However, we possess all tools to
do this.

COROLLARY 3.9. Assume (3.12) to hold with Bmin < 1/2, Bmax > 1/2
and Tmax > 1/2. Further, let there exist an ar > 0 such that (3.13) holds
true. Then,

. | _ 2
%%Hf -5-R IhAEhRfHL2(9) — 0 forany feLXQ).  (3.18)

Proof. We will use that R*I,AE,R : L%(Q) — L?(Q) is uniformly
bounded in A > 0. This follows by setting @ = 0 in (3.14) which is al-
lowed since ,Bmin S 1/2 Thus, ||R*IhAEhR||L2(Q)_>Lz(Q) 5 1.

Fix an o with 0 < o < min{oq, Bmax — 1/2, Tmax — 1/2}. By assumption
the upper bound on « is positive. Since H{(Q) is dense in L?(Q) there
exists a family {f\}aso C H$(2) which converges to f in L?(£2) as A — 0.
Without loss of generality we may assume that f is not an element of Hg (Q)
for any 8 > 0 (otherwise we apply Theorem 3.7 to obtain (3.18)). Therefore,
the function p(A) := || fa]la explodes: p(A) — co as A — 0. Now we choose
a family {\; }r>o satisfying

lim A, = 0 11 lim A% p(Ap) = 0.
lim Ap as well s lim p(An)
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We proceed with

|7 - RUABR|, <1 = Sl

1 *
+ HfAh - - RTABRS,

12(9)
+ IR I, AELR(fr, — 2o

S = iz + 2% p(An)

where we applied Theorem 3.7 in the last step. Finally, the limit A — 0
implies (3.18). a

ExaMPLE 3.10. We re-consider Example 3.8 in the light of Corollary 3.9.
The convergence (3.18) holds true when using the Shepp-Logan filter with
nearest-neighbor interpolation for I and band-limited quasi-interpolation
for Ep, that is, n = A = x[_1/2,1/2[, B(s) = sinc(m s), and € is an even,
compactly supported and normalized L2-function (Theorem B.2). Please
note that band-limited interpolation for Ej, (e is the Dirac distribution),
which requires Bpin > 1/2, is not covered by Corollary 3.9.

4. Verifying (3.13) for interpolation-like operators I;, based on
orthogonalized B-splines. We consider a special choice for Ij, (3.8): let
1 and A be the B-splines of order M > 1 and N > 1, respectively. Define 7
by
sincM (0 /2)

PN 1
(o) = o) = Vor alo) (4.1)

where

a(o) = Sare " with ay = /R Hs) A(—s) ds.  (4.2)

LEZ

Note that a is a positive even real trigonometric polynomial with a(0) = 1,
see Appendix C.1. Further, n and A are dual functions, that is,

(n(- = k), AC)) = o, (4.3)
see Appendix C.2. Especially,
(I-T)(I-Ty) =I-1, (4.4)

where Tpu(s) := h™" Y okez s Mh (- — sk)) An(s — sg).
As in (3.16) we obtain

ITv = olly o
Ty —ull_1jo < llullacijz  sup /2o

, 0<a<11)2
ve H1/2(R) [v]l1/2
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Accordingly we have to investigate the approximation power of the L?-
adjoint operator Tiu(s) = h™" >, .7 (u, Ap(- — si)) ma(s — si) which is done
in Appendix C.3. By (C.3),

Thu —ull_1/2 S A% lulla—rj2y 0 <a<1/2.
The range o > 1/2 we approach as in (3.18) with the help of (4.4):
Thu = ul|_y o S B2 [ Thu — ull 2wy

Applying Theorem A.2 to the above right hand side implies (3.13) with

3/2 : N=1
o = .

5/2 : N >2

The reconstruction filter belonging to I, considered in this section is

MAO’ COSs|(s O g
— Aoy Blo) coslso) do

To find an explicit representation of a poses no problem since a; = B(¥)
where B is the B-spline of order M + N. So, ay € Q can be found by the
B-spline recursion or explicit representations of B-splines. Nevertheless, v
cannot be evaluated explicitely in general. However, the needed values of v
at integers can be computed numerically to any desired accuracy.

v(s) =

EXAMPLE 4.1. Let M = 1, N = 2, and B(s) = sinc(ms). Then,

a(o) = 2 + 1 cos(0) and

_ _/ sin(o/2) cos(s o) o
3 + cos(o)

Using this filter in the FBA together with piecewise linear interpolation in Iy,
yields

1Fen = Fll 2y S BT Yiflla for f € HE(Q), a >0,

since band-limited interpolation (B.4) is considered for Fj (Bmax = Tmax >

3). &

REMARK 4.2. The bi-orthogonalization procedure (4.1) is the same
used in the construction of orthogonal spline wavelets, see Lemarié [12]. The
connection between wavelets and reconstruction filters can even be extended
to increase ay. Choosing A to be a B-spline of order N and 7 to be a
suitable compactly supported dual scaling function, see Cohen, Daubechies
and Feaveau [4], yields an operator I, with an ar increasing with N. The
needed approximation properties of I, and Ij are reported, for instance, by
Dahmen [5, Prop. 5.1].
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5. Verifying (3.13) for interpolation-like operators I; based on
B-splines. Our analysis presented so far does not cover operators I, where
n and A are B-splines of order M and N, respectively. We will now investi-
gate this situation.

Let Ej and I, be defined as earlier with respect to e, B, 1, and A.
Moreover, let a be given as in (4.2), however, 7] is replaced by 7. Further,
define the operator Ay, : L2(R) — L2(R), h > 0, by Aju(o) := a(ho) (o).
Note that A, u(o) = @(0)/a(h o). Now the key observation is that

~ 1, |
frs = o~ RABRS = o— R I,A;'AALELRY.

Consequently, we have to study the approximation powers of the products
A, E) and IhAgl. The latter product is exactly the operator I; studied in
the former section. Hence,

Th ALY = Tlga-12m)sm-12m) S % 0<a<on= {3/2 v
5/2 : N>2
The product A FE}, requires a little bit more attention. We begin with
[ALEpu — ullr S [|Epu — ully + [|Apu — ul|7.
In view of (3.12) and (C.2) we obtain
|AnByu = ull: < B ulls, € HY(~1,1),

for fuin < B < min{fBmax,2 + 7}, 0 < 7 < B, 7 < Tmax. The parameters
Bmin, Pmaxs and Tmax correspond to Fj,.

Theorem 3.7 holds accordingly, however, with the following restrictions
on o

max{0, Bmin — 1/2} < a < min{al, 2, Bmax — 1/2, Tmax — 1/2},

that is, the maximal convergence order cannot exceed 2 which is a tribute
to the operator Ay in front of Ej,.

EXAMPLE 5.1. Using the Shepp-Logan filter (n = x[_1/2,1/2;, B(s) =
sinc(m s)) in the FBA together with piecewise linear interpolation in I, (A
is the linear B-spline) yields

|Fen = Fll oy S A2 flla for f € HE (), a >0,

when € is either an even, compactly supported and normalized L?-function
(Theorem B.2) or the Dirac distribution (Theorem B.4). &
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F1G. 6.1. The function f from (6.1) (left) and its cross section f(-,0) (right).

6. Numerical illustrations. We provide numerical experiments to il-
lustrate the convergence results proved in the former sections. Especially,
we will see that the convergence rates saturate indeed at the given bounds.

To this end we need an f € L?(Q) with a prescribed Sobolev order and
with an analytically computable Radon transform. We favor the following
construction. Let p, be defined by p,(z) = (1 — ||z]|*)", ||z|| < 1, and
pn(z) = 0, otherwise. We have that p, € H{(2) for any o < m + 1/2. The
function f for the first numerical experiment is then given by

3
fz) =" dy ps(Up(z — by)) € H§(Q) for any o < 7/2 (6.1)
k=1

where d; = 1, dy = —1.5, d3 = 1.5, and b; = (0.22,0)!, by = (—0.22,0)?,
bs = (0,0.2)!. Further, U, = U(wg, 0k, V%), k = 1,2,3, with

Ulp.67) = ( c.OS(sO)/5 sin(p) /8 ) (6.2)
—sin(p)/y  cos(p)/y
and
81 = 0.51, v = 0.31, o1 = 727 /180,
8y = 0.51, v = 0.36, 0y = 1087/180,
d3 = 0.5, v3 = 0.8, 03 = T/2.

See Figure 6.1 for a graphical representation of f. We reconstructed f on
the grid Xg := QN {(i/q.j/a)| —q <i,j <q} by

1 *
fFB,q(I) = % R3q11/qAE1/qu($)7 T e xqa

where R} is defined in (1.6). We have chosen the number of directions (3¢)
close to its optimal value, see, e.g., Natterer [14, p. 84].
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75 100 125 150 175200
q=1/h

FIG. 6.2. The relative £2-errors e (6.3) for reconstructing f (6.1) by the FBA using the
Shepp-Logan filter with nearest neighbor interpolation (dot-dashed with O0), the Shepp-
Logan filter with piecewise linear interpolation (dashed with A), and the modified Shepp-

Logan filter with piecewise linear interpolation (solid with O). The auxiliary solid line
indicates exact decay q 2.

Now we define the relative ¢2-reconstruction error e by

elg) = (X (rnal@) — 1@)*/ 3 r@?) . 63)

z€Xq z€Xq

In Figure 6.2 we plotted e as function of ¢ € {25, 50, 75, 100, 125, 150, 175,200}
on a double logarithmic scale with respect to three different settings in the
FBA:

e Shepp-Logan filter with nearest neighbor interpolation (Example 3.8).
Here, the expected and observed convergence rate is e(q) ~ q 32,

see the dot-dashed line marked with .

e Shepp-Logan filter with piecewise linear interpolation (Example 5.1).
Here, the expected and observed convergence rate is e(q) ~ ¢ 2, see

the dashed line marked with A.

e modified Shepp-Logan filter with piecewise linear interpolation (Ex-
ample 4.1). Here, the expected and observed convergence rate is
e(q) ~ ¢ /2, see the solid line marked with O. We also plotted an
auxiliary curve decaying exactly like ¢~%/2 (solid line in light gray).

In the light of the computational experiments we may conclude that our
bounds for the maximal convergence orders cannot be improved (at least
for the settings underlying the experiments).
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25 50 75 100 125 150 175200
g=1/h

F1G. 6.3. Top: head phantom due to Shepp-Logan [21]. Bottom: the relative £2-errors
e (6.3) for reconstructing the Shepp-Logan phantom by the FBA using the Shepp-Logan
filter with nearest neighbor interpolation (dot-dashed with O), the Shepp-Logan filter
with piecewise linear interpolation (dashed with A), and the modified Shepp-Logan filter
with piece/wise linear interpolation (solid with O). The auxiliary solid line indicates exact
decay ¢='/2.

Next, we present the relative £2-errors in reconstructing the Shepp-Logan
head phantom, see Figure 6.3. The Shepp-Logan head phantom f5F simu-
lates the geometry and the density relations in a human skull. It consists
of superimposed indicator functions of ellipses. Hence, 5" € H§(Q) for
any a < 1/2.% We therefore expect and observe e(q) ~ ¢~ /2 for all three
settings from above.

Both experiments agree completely with our theoretical results although
a discretization of the backprojection operator was not investigated. With
our last experiment we justify this simplification once more by considering

$In general picture densities in medical imaging can be considered elements in H ()
with @ < 1/2 but close to 1/2, see Natterer [14, p. 92fF.].
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Fic. 6.4. The function f from (6.4) (left) and its projection Rf(-,0) (right). The
jumps of Rf(-,0) in £2/5 are clearly visible.

a setting which might cause trouble in a convergence analysis including the
discrete backprojection operator.

The function to be reconstructed consists of indicator functions of two
rectangles Ry and Ro:

f(@) = X (2) + 0.5 X, () (6.4)

with
Ry = [-2/5,2/5] x [-3/5,3/5]

and (U as in (6.2))
Ry = {z € R*|U(n/3,0.7,0.4)(z — b) € [-1,1]*}, b= (-0.1,-0.1)",

see Figure 6.4 (left). Note that f is in H§'(2) for any o < 1/2. So what is
the difference to the Shepp-Logan head phantom? While the fact that R f
as a function of two variables lies in Hg (—=1,1)®L?(0, ) implies that the
functions of one variable Rf(-,4) lie in Hg (—=1,1) for almost all ¥, there
may be a null-set of exceptional angles ¥ where Rf(-,) has less Sobolev
regularity. For f given in (6.4) we have that Rf is in Hg(—l, 1)®L2(0, )
for any 8 < 1 but there exist four angles ¢ where Rf(-,1) is less smooth.
Indeed,

Rf(-,9) € Hf(-1,1), a < 1/2, for 9 € {0,7/3,7/2,5m/6},

see Figure 6.4 (right). The bound on « is maximal (there are no such patho-
logical angles for the Shepp-Logan head phantom, however, one expects such
angles in real measurements from medical imaging).

In Figure 6.5 we plotted the relative reconstruction error (6.3) for the
same ¢-values as before. Please note that the discrete Radon data for all ¢
contain integrals over lines which run along the boundary of Ry. Further, all
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25 50 75 100 125 150 175200
g=1/h

FIG. 6.5. The relative £2-errors e (6.3) for reconstructing f (6.4) by the FBA using the
Shepp-Logan filter with nearest neighbor interpolation (dot-dashed with O), the Shepp-
Logan filter with piecewise linear interpolation (dashed with A), and the modified Shepp-
Logan filter with piecewise linear interpolation (solid with O). The auxiliary solid line
indicates exact decay ¢~ /2.

used reconstruction grids X, have sufficiently many points on the boundary
of Ri, indeed, the cardinality of X, N OR; increases like O(q).

We observe that even ‘pathological’ projections do not deteriorate the
convergence rate obtained by using the continuous backprojection operator
for the analysis.

A. Appendix: proof of (3.12) for interpolation-like operators
E;, based on B-splines. We consider Ej, as defined in (3.6) where B is
the cardinal B-spline of order N > 1, that is, B is the N-fold convolution of
X[-1/2,1/2] With itself. The functional € € HJB‘““‘(R), Bmin > 0, is supposed
to be even, compactly supported in 00 = [—a,a], a > 0, and normalized by
(1,€) = 1 where (-,-) denotes the duality pairing in HPmin (0) x Hgﬁ‘“i“(D).

The techniques we use below are standard in approximation theory, yet,
we are not aware of any reference suitable for our setting, however, see
Aubin [1, sec. 8.6].

First, we show that Ej reproduces affine linear functions if N > 2.

LEMMA A.1. If N > 2 then Epp = p for any p € IIy. For N =1 Ej
reproduces only constants.

Proof. Note that the action of E}, on p is well defined since € has compact
support. Constants are preserved by (1,e(-—k)) =1and ), ., B(s—k) = 1,
see, e.g., Schoenberg [20, p. 16]. Let p(s) = s then (p(-),e(- —k)) = k due to
the evenness of e. By s =Y, ., k B(s—k), N > 2, see, e.g., Schoenberg 20,
p. 16], we are done. ad
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THEOREM A.2. Let Bpin < B <min{2, N}, 7 < N—1/2, and0 < 7 < f3.

Then,
1Epu —ull. < BT |lulls as h— 0.

Proof. We restrict the proof to NV > 2 and we show first a local version
of the approximation property. Therefore, let Oy, := h (O0+42ak) for k € 7Z.
We will rely on the Bramble-Hilbert like estimate (A.1): there is an affine
linear function P = P(u) such that

lu = Pl @,y S 777 lullgeo, ), 0<T<B<2 (A1)

For 7 = 0, (A.1) reduces to the original estimate by Bramble and Hilbert [2].
For positive real 7, see Dupont and Scott [7, th. 6.1] or Brenner and Scott [3,
lem. 4.3.8]. By Lemma A.1 and (A.1) we have

1Bhe — ullgr@, ) S 1Bx(e—p)lg-@, + b° 7 lulus @, -
Let dp i = {r € Z | supp By (- — s,) NOp 1 # 0}. The cardinality of g, ;, does

neither depend on h nor on k. We proceed with

1Ew(u— D) o, S S b1 [(u—Pren(- = s,))| I1Bi(- = sl ay

rEIn,k
N Z h=1/2 Ku—P,eh(- —s,n)>‘.
TrEIn,k

From the proof of Lemma 5.2 by Dahmen, Prossdorf and Schneider [6] we
know that

_ 2 i
(u—=Ph e —s)) S flu— PH;(DM) 4 B2 Bmin |1y — p||§lﬁmin(mm)

which, by (A.1), gives

B B 1/2
||EhU—U||HT(Dh,k) Shﬁ ! Z ||U||Hﬂ(mh,r) S n’ T( Z ||U||§m(mh,,))
T€dh,k TEh,k

S Wi ||U||Hﬁ(ﬁh,k)

where ﬁh,k =U Opr. Thus,

rEIn,k
| Epu — ull ey, ) S WP ||“||Hﬂ(ﬁh,k)'

Squaring both sides of the latter local approximation property and summing
over k € Z yields finally the stated global approximation property. d

SUMMARY. The above theorem covers especially the cases e = § (Dirac
distribution), where Bpin > 1/2, and € € L?*(0) being even with [ e(s) ds =
1 where Bmin = 0. Hence, for both latter cases (3.12) holds with Bnax = 2
and Tmax < N —1/2.
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B. Appendix: proof of (3.12) for interpolation-like operators F),
based on the sinc-function. We consider Ej, as defined in (3.6) where B
is the sinus cardinalis, that is, B(z) := sinc(m ) where sinc(z) = sin(z)/z,
x # 0, and sinc(0) = 1. Further, e € L'(R) N L?(R) is an even function with
compact support and a normalized mean value, [e(z)dz = 1. Here, (-,-)
denotes the L?(R)-inner product.

First we bound FEj uniformly in h.

LEMMA B.1. a) The operators Ej, : L?(R) — L?(R), h > 0, are uni-
formly bounded in h.
b) Let w be in L*(R) with supp @ C [—m/h,7/h]. Then, we have the inverse
estimate ||wl|o < 20/2 7% B w2y for 0 <h <7 and any o > 0.

Proof. a) Set O, . = h (supp e+ k). The L?(R)-orthogonality of {B(- —
Sk) ke gives

1Bl = ™ S N el = s> < S lulZaa, el S lulfagy-
kEZ keZ

b) The inverse estimate results from a straight forward estimate of |jw||?
taking into account the compact support of . 0

After the above preparatory results we are able to prove the claimed
convergence estimate.

THEOREM B.2. Let 0 < 7 < 3, B —7 < 2. Under the assumptions from
above we have that

1Epu —ull. < A7 |lulls as h— 0.

~

Proof. Define an auxiliary operator P, : L?(R) — L?(R) by

Pyw(é) = xmo, (€) @(¢). (B.1)
It is an easy exercise to obtain

|1Pyu —ull, < A7 Jlullg for 0<7< B <00 (B.2)
whenever the right hand side is finite.
In a first step we consider || E}P,u — Ppul|;. We have

ETP\hU(g) = () Z(Phu, en(- — sk)) e Ve

1
— X0,
V2 kez

T Actually, P, is the orthogonal projector onto the closed subspace of band-limited
functions with band-width 7 /h.
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and

B1/2 (Phu, ep(- — s)) = hl/Z/D 15@(5) & (6) ot hkE dé

1/2 —
—(32)" [ e e a
2T 0,

which is the k-th Fourier coefficient of Ph/u*\eh. Hence,

EnPuu(€) = h™" xo, (€) Pruk en(£).

Therefore,

|En Py — Poull? = /D L+ €7 b Fraven(e) — Bu(e)|” de

< / (L + &) [a©) M(he) de
On

where M (z) = [€(z) — 1/v/2x|?, z € R. As in the proof of Corollary 2.2 one
shows that M (z) < z* using a Taylor expansion of € about the origin. Now
let 0 < B — 71 < 2. Then,

| By Pru — Poull?. < B / 1+ [@a@)]? €26 de (B3a)

U
< p2B=T) | 3- (B.3b)

In the final step we use both statements from Lemma B.1 as well as (B.2)
and (B.3):

|Epu — ull; < ||Epu — EpPrully + ||EpPru — Prull,
+ |Phu — ul|
ShTT u = Pyullpzgy + A5 |ullg.

Applying (B.2) again we conclude with the proof of Theorem B.2. 0

REMARK B.3. The upper bound 2 on 8 — 7 in Theorem B.2 may be
relaxed by imposing higher order vanishing moments on e.

Now we investigate band-limited interpolation, that is, E} is defined by
Epu(s) = Zu(sk) sinc(%(s - sk)) (B.4)
keZ
THEOREM B.4. Let Bpax € N. Then, for 1/2 < f < 00, 0 < 1 < 8 with
B — 7 < Bmax, we have that

|Epu — ull; < BB-T lullsg as h —0

~
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whenever u € Hﬁ(R) is compactly supported. The constant in the above
estimate may depend on Bmax-

Proof. Band-limited interpolation is well defined under the assumptions
on u. We introduce an auxiliary operator E,(lm). To this end let € € L2(R)
be compactly supported with normalized mean value ([ e(z)dz = 1) and
vanishing moments up to order Bmax ([ the(z)dr =1, k = 1,..., Bmax)-
Thus, €(0) = 1/v2r and €)(0) = 0, v = 1,...,fmax. Define e™(s) :=

me(ms), m € N, and

E,(lm)u(s) = h7! Z (u, egm)(- — k) sinc(%(s - sk))

keZ

Observe that E,(Im) : L*(R) — L?(R) is uniformly bounded in h and m, see
proof of Lemma B.1. Hence, we may apply Theorem B.2 to obtain

~

1E™w — ull; < W [lulls (B.5)

where the constant is bounded in m as a careful inspection of the proof of
Theorem B.2 shows. Moreover, the upper bound on 8 — 7 in (B.5) is Smax
since all derivatives of € up to order Smax vanish about 0, see Remark B.3.
By (B.5),

| By = ully S 1B = B ully + b0 fulls. (B.6)

Further,

1Evu — By ullr < llsincyell- D Julsk) = (ush™ e (- = si))
kegm,h(u)

with Jpp(u) = {k € Z| s € suppu}U{k € Z| supp uNh(m™"suppe+#k)}.
The set Jp, pn(u) is finite and its cardinality is bounded in m. So we have

that lim,, o || Epu — E;(lm)UHT = 0 and the stated estimate is readily seen
from (B.6). O

SUMMARY. The band-limited interpolation-like operators considered in
Theorem B.2 satisfy (3.12) with Spin = 0, Bmax = 2+ 7 and any Typax < 00.
For the band-limited interpolation (B.4) we have (3.12) with By, > 1/2
and any positive Tyax and any fixed Bpax > 1/2.

C. Appendix: Complement to Section 4. This appendix is de-
voted to the proof of various auxiliary results from Section 4. Throughout
this appendix let 77 and A be B-splines of order M > 1 and N > 1, respec-
tively. Further, let  be defined by (4.1).

C.1. The trigonometric polynomial a. Recall that

a(o) = Zag e with ay = /Rﬁ(s) Al — s) ds.

LeZ
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Since 7 and A are even, so are {as}scz and a. By > ,., A(- —¢) = 1,
and [7(s)ds = 1, see, e.g., Schoenberg [20, p. 16 and p. 2], we have that
a(0) = 1. In the remainder of this appendix we verify that a has no zeros.
Then we have established all properties of a claimed and needed in Section 4.

Straightforward calculations reveal that the ay’s are the Fourier coeffi-

~

cients of the 2m-periodic function 27 Y~, ., (0 4 27 k) A(o + 27 k). Hence,

a(o) =21 > n(o+2rk) Ao +2rk) = > sinc*N(o/2+7k). (C.1)
kEZ kEZ
If M 4+ N is even, a clearly has no zeros because there is no o such that

sincM*N (/24 m k) =0 for all k € Z. Tt remains to investigate the odd case
M+ N =2L+1, L € N. We factorize a according to

(=1)*
(0/2 + k)21

a(a) = SinQL(U/Q) 22L+1(0') with 22L+1(U) = Z
kEZ

As multiples of 27 are not zeros of a it suffices to show that X711 has no
zeros in |0, 27[. Separating even from odd indices we find

Sors1(0) = 27 (Syp01(0/4) — Saria(o/4+ 7/2))

where Si(0) := Y, cz(0 + mk)7!, 1 > 2. Observe that Sy(s) > 0,1 € N.

Now,

d
ESQ[F}»I(O') = —(2L+1) 82L+2(J) <0, o 6]0,27‘(‘[.

Therefore Sor,41 is strongly decreasing in |0, 27[ which gives ¥o7,41 > 0 in
10, 2.

C.2. Biorthogonality (4.3). By (4.1) and (C.1) we obtain

(n(- = k), A()) = /Rﬁ(a) A(o) ' do

2T
= / > i +2mn) Ao +2mn) " do
0

nez
2t - N 2m etko
= /0 a(o) Zﬁ(d—l—?ﬂ'n) Ao +2nn) et do = /0 o do

nez
which is (4.3).

C.3. Approximation power of I;. We are not able to apply Theo-
rem A.2 directly to I} as 1 from (4.1) does not have compact support in
general. Nevertheless, we will show that the approximation power of T;‘l
carries over to Iy (for the notation see Section 4). Since

—~

[ u(o) = Tu(o) /a(ho)
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we have that

—~

u —Tul? < /R(l +?)7 ‘a(ha) u(o) —TZU(O‘)‘Q do.

Thus, B B B
lu —Thullr S [[Apu =T Apullr + [T Apu — Thull-

~

where @(a) =a(ho)u(o). Theorem A.2 provides

1Awu =Ty Apull, S AP [Apulls S A7 Jlulls

~

for 0 < <min{2, M}, 7 < M —1/2, and 0 < 7 < . Further, also by
Theorem A.2, B B
IThAru — Tullr S [[Apu —ull;

whenever 0 <7 < M —1/2, for M <2, and 0 <7 < 2, otherwise. A Taylor
expansion of a about 0 proves that |a(o) — 1| < 0. Now we may copy the
proof of Corollary 2.2 to obtain

JAnu—ulle S B )l 0 < < B, (C2)
Collecting the pieces we find

lu—Tjull, < BT |lullg ash—0 (C.3)

~

for 0 < <min{2, M}, 7 <min{2, M — 1/2}, and 0 < 7 < 3.
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