060110 Day 2 Annotated Transcript of Wrap-up Discussion #1

[00:08:26.04]Corinne discussion operators (for Liz)

[00:07:54.04]TA asks about an Ah Ha moment

[00:17:48.23]Wrap-up begins

[00:19:19.15]What I want us to be thinking about is.

Emily reflected for a week about eigenvectors and eigenvalues.  She says that she made some connections.  See video clip from 080714

Paradigms Day 2 2006 class

Camera 2 is in the back of the room.  Most of this transcript is from camera 2.  However Vince and Alyssa have an extended conversation in the middle, which makes hearing the presentation difficult.  Camera 1 is in the front of the room and that presentation can be heard clearly.  However, Camera 1 sound track seems to skip so that some of the talk is not audible.  Also the times on camera 1 do not match the times on camera 2. This transcript is a combination of camera 1 and 2.  It would be good to also listen to one of the audio tapes to get some of the student comments that are not intelligible on either camera record.

 On camera 1, at the beginning of hour 2, Len is working with his small group and he makes the very clear statement that it will do the same thing to every vector but it's not clear that the rest of his group knew that.

[00:16:54.17]

Corinne:  (From camera 1)

Okay I picked some people you were A’s, I picked some people and you were B’s, I picked some people who were C’s, let’s let the B’s be the presenters.  The middle set of nine people. All Right?  Group Number One.  Everybody gets to give a mini-presentation.  A mini-presentation [students are still talking to one another] You’re not interested in listening to me because...

Corinne reflection: A student answered me that they were trying to figure out who their B was.  So I tried to help. Sometimes when you try to call a class back together they just keep talking to each other. This is always a signal that there's something going on that they need resolved so you might as well figure out what it is and get it resolved.

Often they're still engaged in trying to solve some aspect of the problem that you set them and they feel like they're making enough progress that they're not interested in what you have to say about it.  Sometimes I'll just give them more time and sometimes I'll keep talking to the couple of groups who are interested and allow those who are still engaged in talking to each other to do that.

New thought: In the middle of doing an activity, I'll call the class back together if I find I'm having the same conversation or several groups are stuck on the same thing so it's more efficient to address them all together.  Sometimes it surprises me that there's something about the way this particular class is interacting with the material often due to the way that the material has been covered in the previous days leading up to this that has the class interpreting the material differently from the way previous classes have.  Other times it's a question that comes up year after year after year.  If I'm trying to decide when to start a wrap-up, to signal that the activity is over, typically I either run out of time in class and do it the next day or I wait until two thirds of the class has an answer.  and all of the groups understand that there is something tricky to be understood, even if they don't yet see what the trick is.  For this activity, the task they have been set is very straightforward so I wait until essentially all of the groups have completed the task and I give quick groups a second example to work on if they're done with their first one.  Some tasks I expect that the students will be alerted to a tricky situation when they attempt to do the task I set them. In other activities like this one, the take home message evolves from the wrap-up discussion, not from the task that the students are doing in their groups.  Compare and contrast activities, the take home message usually comes in comparing what the different groups do.

Corinne: Have you all figured out who B will be?  It’s the people who were sitting about here.  The second set of nine.  It’s real easy: You just come up,

Our matrix was, da da da da, Oh and you better write down what your matrix is so we can look at it. 

[00:17:48.23]

Our matrix was,

Our transformed vectors did this or this is what our matrix did,

This is what the determinant of the matrix was,

And these are the vectors that were not changed,

And then I get to harass you with questions.

Okay?  So group number one.

Corinne reflection:  I like this activity because what the students are expected to do is very straight forward.  Here I'm giving them the instructions, every group does the same calculation, then they give a very very brief mini-report.  But I've found over the years that there's lots of opportunity during these mini-reports to have lots of professional development type discussions, like you have to write the determinant of some matrix equals one, not just det equals one, making sure that the students know to report what their matrix is, making sure they speak loudly enough, things like that.  The reports are brief enough that the students are not very intimidated by them and I've found that when I do make some kind of a comment about how to report to one group that all of the subsequent groups very carefully do that thing so there is a chance for them to practice it immediately after I've made a suggestion.

New thought: The real purpose of this activity is to get students to recognize conceptually that an eigenvector is a vector whose direction isn't changed by a transformation but I want the students to come to their own realization that that concept is important so in this set of directions I don't ask them to look for that.  I tell them that it's really going to be about trying to decide what the determinant means which is an interesting and possibly in the long term fruitful distraction but I state almost as an aside that I want them to tell me if there are any vectors that are not changed by the transformation.

New thought: This is my standard example of a compare and contrast activity.  I use it a lot in TA training kinds of seminars.  In this activity, each group does essentially the same calculation but with each group having a different matrix. They all have the same vectors but different matrices but they're all doing essentially the same calculation, to multiply their matrix times this standard set of vectors and find out what their matrix does and to find out what the determinant is.  So when each group reports, everybody in the class understands in principal what calculation they did so the wrap-up can focus on the similarities and differences in the results for the different matrices rather than on the mechanics of the calculations that the groups did.

New thought: The matrices were carefully chosen to represent the simplest transformations, rotations in either direction by pi over two, reflections around the x axis or the line y = x, reflections through the origin, multiples of the identity, particularly negative one times the identity, scaling, and then one matrix which is some weird combination of real numbers, not simple.  All real number matrices.  The vectors that I chose include the eigenvectors of those matrices, including the eigenvectors of this weird matrix.  The weird one was chosen so that it's own entries were real and integer and its eigenvectors are also real and integers.

[00:18:17.20]

Corinne: So I think somebody, before you start [Student S], Somebody was kind enough to put up the untrans

(points to vector graph on blackboard]  The initial graph.  

Does everybody agree that this is what the untransformed vectors looked like?  

We’re going to be comparing to this, in every case.

[camera 1 focused in on the initial vectors]

Corinne: Okay. Go

Group 1:
[00:18:31.02] 

Student: Our matrix [0,1,-1,0] rotated at ninety degrees, pi over two, clockwise

all the vectors, so none of them stayed the same. And the determinant was one. Because it’s zero minus a negative one [pointing to the diagonal 0,0 and minus off diagonal 1, -1]

Corinne: Okay. And all of them rotated.  So nothing was unchanged <yeah>
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Corinne reflection: As far as the students are concerned, there's no a priori reason why this matrix should do the same thing to every vector.  And so I'm sort of trying to make that point here where I say ALL of them rotated.  Some years I make a little bit more of a fuss about that than other years.  It's something that should surprise the students and doesn't.  There's this funny operation called matrix multiplication, you can see from the form of it that it takes vectors to other vectors, but why should it do something nice to the set of all vectors.  Matrices represent linear transformations and that's a very special property.  There might be other kinds of rules that you might write down that might multiply one vector by two and rotate another vector and send another vector to zero but linear transformations treat the set of all vectors in some coherent way.  And if the students were really curious, they would be surprised by that.  On camera 1, at the beginning of hour 2, Len is working with his small group and he makes the very clear statement that it will do the same thing to every vector but it's not clear that the rest of his group knew that AND IT MIGHT BE WORTH GOING BACK AND LOOKING AT THAT INTERACTION MORE CLOSELY.

Corinne: Okay. A little bit of just notational harassment here.  

You don’t ever say “det equals one” [det = 1 was written on the board]

The determinant is, an operator acts on something.

The determinant of A. <but I didn’t have it up here before> [student writes A1 = in front of matrix], call it A one so the determinant of A one is equal to one [student adds A1 in between det and =1].

Corinne reflection: 

[00:19:12.27] {lang}:Every year the students try to write det=1 instead of det A = 1.  And I make this correction. A determinant is an operator and it has to act on something. It's the equivalent of saying 'squared equals one' instead of saying 'x squared equals one' .  It's like saying color equals yellow, the color of what is yellow.

Corinne: Okay? What I want us to be thinking about is

[00:19:17.13] I want us to do some physics the way it’s really done.

A lot of education is sort of about giving you a really polished presentation, 

telling you what it is you should expect.

What I want to do is see if

but that is not how people  do physics.

People do a lot of different examples 

and then they see if they can find something in common from all those examples;

so what I want you to think about is:

Can we figure out anything about what the determinant is telling us about the matrix?

right? so one of the questions I got yesterday was,

you know I’m showing you all these funny operations with matrices, why these?

So does the determinant tell us anything?

So here’s an example where the determinant is one. Okay?  Let’s just remember that for now.

Corinne's reflection:  I want the students to experience what it is like to deduce a result from looking at many examples--the experience that many professional theoretician's have.  This conversation is all about helping set them up for that expectation.  

I'm trying to get the students to experience what it's like to be a theoretician, so in the classroom, students experience theory as they're being told what the theory is.  And that doesn't help them understand what it means to come up with new theories.  In this activity, my experience has shown that the students often have been taught how to find the determinant but they typically don't have any idea of what the determinant means geometrically. So as we're going through the different examples in this activity, it's an opportunity for them to 'theorize" from the different examples what the geometric meaning might be.

[00:20:10.01]{Student 1 mumbles] Vectors were not stretched

Corinne: Your vectors were not stretched.  They were just plain rotated by <ninety degrees> ninety degrees <pi over two> pi over two.  Ok. 

Group Two!

[00:20:15.14]

[untranscribed mumbled interaction over who was to present]

Corinne: [M!]  You’re new to the class.

[Student M] Oh wonderful ! I feel so special. 

Our matrix was A two [points to A2 = [0, -1, 1, 0]

The determinant was one like their’s and it was a rotation just like their’s

But rotated ninety degrees in the opposite direction [moves hand counter clockwise]

And it’s interesting to note that it’s the transpose of their matrix.

So maybe that’s why it’s in the opposite direction.
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Corinne reflection: M volunteers the observation that her matrix is the transpose of the previous group's matrix.  It turns out that the relevant relationship is that the matrices are inverses of each other.  The transpose is flipped on the main diagonal so [0 -1 1 0] becomes [0 1 -l1 0] .  The inverse is the matrix such that A inverses the identity.  For rotation matrices, it turns out to be the case that the transpose is the inverse.  That's not true for all matrices.  I missed out on an opportunity to talk to the students about that but chose instead to focus their attention on inverses rather than transposes.  Because the concept of inverse is more fundamental, I wanted them to be thinking about how can you undo a transformation.  {evz: The inverse acting on a vector undoes what the matrix did so that multiplying two matrices that are inverses of each other yields the identity matrix.]  

At some stage I wanted to have a conversation about how these matrices were related with each other.  Since she volunteered a relationship I could 'run with it' rather than trying to start the conversation myself. I also think the student conversations somehow go more smoothly more often when they are a follow up to a student initiated statement. (evz: This is an example of responsive teaching).  Her statement provided an example of what it is I was looking for.  I could have initiated this conversation with a prompt like "how is this matrix related to the previous one" but students might not have known what I was asking for by 'how are these related' and in this case M's statement provided an example of what I was looking for and so my prompt was "give me more relationships like that" and the students are more likely to understand what it is I mean.

Corinne: it is the transpose of their matrix. 

[00:20:48.04] So maybe that does have something to do with opposite directions.

Is there any other relationship between that matrix and this matrix?

They are transposes

[Student ?] same determinant

Corinne: They have the same determinant

[Student ?] both rotations

Corinne: They’re both rotations and they both have the same determinant and they’re transposes

[Student A?] trace is the same

Corinne: Their trace is the same.

[Student M] They’re both Hermitian. Oh no, they’re not, because they’re real

Corinne reflection : she means to say they are Hermitian adjoints of each other, you get one by taking the Hermitian adjoint of the other but that's not what she says. But then she says, they're not because they're real. So she has two problems, she thinks that you can't take the Hermitan adjoint of a real matrix and she doesn't know what the word Hermitian means.  So I address the second problem and ignore the first one.]

Corinne: You can take the Hermitian adjoint of a real matrix

[00:21:27.21] [Student M] but it’s 

Corinne reflection: you get the Hermitian adjoint of a matrix by transposing and complex conjugating but Hermitian matrices are the ones that when you do that you haven't changed them.

Corinne: but it’s just the same as the transpose

[Student M] Right

[00:21:32.06] Corinne: So yes, they’re Hermitian adjoints

Corinne reflection: I use the correct language myself but don't otherwise correct her incorrect use of the word Hermitian.  There are too many things going on to stop for that.  Students in the classroom say so many wrong things that if you try to fix all of them when they come up, then your presentation becomes hopelessly muddled so you have to make choices.  I probably did register that at some stage I would need to address the question of what does the word Hermitian mean; normally would do that in day 5, not day 2

Student ?] If you multiply them, you get the identity

Corinne: If you multiply them, you get the identity.  <so they’re inverses> So they’re inverses.

Corinne's reflection:  Notice that the students are throwing out many different ways in which these matrices are related.  I am confirming each of the relations, supplying a little bit of language help when necessary (you can take the Hermitian adjoint of a real matrix, but it's the same as transpose), but not otherwise being evaluative about the students' suggestions.  It keeps the conversation going.    Because the students are throwing suggestions out, roughly in the same order that they were discussed yesterday, it is fairly clear that (at least most of them) do not have a clear understanding of the geometrical interpretation of any of these operations.  Now they are beginning to discuss inverses.  The inverse of a rotation is easy to understand geometrically, and I will attempt to pull that out of the student conversation.

[00:21:41.17] 

Corinne: What does that have to do with their being rotations?

[Student ?] You rotate it one way and you rotate it back the other way, you get the same thing.

Corinne: Absolutely, okay.  So what is it inverses do?

When you take a linear algebra course, you mostly think about matrices, using matrices to solve systems of simultaneous equations. 

[00:22:03.17][ Mark this for LIZ: a discussion about the use of matrices in physics:]

Corinne: In physics there’s another use.

Matrices actually transform vectors, they change vectors into other vectors.

Okay. One really important kind of transformation are rotations. 

You just take the whole set of vectors and you rotate them

[00:22:18.26] Notice that one matrix will rotate all the vectors.

All right. You don’t have to have different transformation matrices for different vectors.

All right. And then inverse, the operation of multiplication by an inverse is really undoing the transformation: you can do the transformation, you can undo the transformation.  Okay?  Cool.

[00:22:45.14] Three. Who’s group three?

Corinne Reflection: Here I did address the point that one matrix does the same thing to all of the vectors.  

Group 3:
[Student A] So our’s was this thing that’s sort of backwards from the identity.  It’s got the other diagonal as ones. [0, 1, 1, 0] 

[00:23:03.24] And what it did was it reflected all the vectors along the line y equals x,  so [moves hands to illustrate] it’s just a reflection along that line.  The blue one was already parallel, was  along y = x so it remained the same.  And the determinant is minus one.
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Corinne:  Okay  Can you write up that the determinant was minus one please <sure>

[00:23:29.28] Okay. Did you understand what she meant about reflection?  

Here are the untransformed vectors.  [points to graph of initial vectors on the front board]. 

There are the transformed vectors [points to group three’s graph on the back white board].  

So what’s happening?  This purplely one is coming down like this.  [moves hand to model]

The blue one is staying the same.  

Okay? Everything is taking the line y = x   and just flipping as if the line y = x is a mirror.  Is that clear?

Corinne reflection: I have been surprised over the years at how many groups have trouble seeing what  reflection is and it's clear they have no experience with that concept.  So I made a point of talking about it to give the whole class a chance to think about it for a minute or two because (Student A) just said it is a reflection as if everyone knew what that word was.

Okay?  And this is the matrix that looks like the identity [waves arms] except on the off diagonal, for which we don’t have a name.  All right.  And the determinant was minus one.

So we’ve got  two matrices whose determinants are plus one and one whose determinant is minus one.  What happened to the lengths of your vectors?

[00:24:17.08]{the same}

Corinne: The lengths stayed the same.  Okay.  

Group four.

[00:24:28.09][Student 2] All right.  so with our vector we just ran through this with a generic vector and we found that it just reverses the y component.

And ah 

Corinne: So wait.  First tell us what your matrix is.

Student 2: Oh. A four, one, zero, zero, one, or negative one, excuse me

So ah 

It just takes these [looks at graph of vectors on board, turns to colleague at front table, seems to question whether right ] Is that copied  right?  <The green vector should be pointing down. >  That’s so.  Anyways [), erases vector pointing up y axis and redraws it pointing down y axis]
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So it just flips all the vectors over the x axis.

The one that was lying on the x axis obviously remains unchanged because it has no y component to reverse.

The determinant of the thing was one.

And as characteristic of all the determinants we have seen to this point

where their magnitude is one, the lengths of the vectors remained the same.

[00:25:29.07] 

Student at front table: determinant is negative one

Student 2: negative one, yeah, but the magnitude of the determinant is one

Corinne reflection: I didn't pick up on it at the time but the symbol for determinant of a matrix is to put the name of the matrix in absolute value signs so this student probably thought you had to take the absolute value of the determinant and I have never consciously noticed that before but it's a possible misunderstanding to watch out for.

Corinne;  You said, first of all you said  the determinant was plus one, the determinant here is negative one.  Okay.  The determinant is negative one.  The lengths are not changed.  All right. And I’m hearing the beginnings of a <hypothesis> a hypothesis which says that, say it again

[Student 2] If the magnitude of the determinant is one, it will leave the lengths of the vectors unchanged.

Corinne: okay.

Corinne reflection:  Of all the years that I have done this activity, this is the year that the discussion was most framed in terms of making and testing hypotheses.  It's interesting to hear here how that conversation got started.

Corinne reflection: he said "and as characteristic of all the determinants we have seen to this point

where their magnitude is one, the lengths of the vectors remained the same." and I picked up on the word 'characteristic' and I prompted him to say I'm beginning to hear the beginnings of a ___ and he did indeed say the word 'hypothesis'.  (EVZ: responsive teaching and he's responding back)  After this year I've tried to frame the discussion in terms of hypotheses and it hasn't gone as well.  You can't reproduce a really cool class discussion another year.  Each class develops its own best discussion days.

[00:25:57.12] 

Corinne: Okay.  There’s a hypothesis so let’s start watching whether or not that happens.  Now , we’ve got some determinants plus ones and some determinant minus ones. Do we see a pattern about the sign of the determinant coming out?

[Student M]  Reflection versus rotation

Corinne: Reflection versus rotation.  State it as a hypothesis.

Corinne reflection: That prompt in this year helped frame the conversation as really being about testing hypotheses.

[00:26;15.07] [Student M] If the determinant is positive one, then there’s a rotation.  If the determinant is negative one, there’s a  reflection.

Corinne:  All right.  

Group five.

[00:26:27.19]{Student 3} So this is our matrix [A5 = (-1, 0, 0 –1) and the determinant of it was [writes on board] equals one.  Basically it just rotated all the vectors a hundred and eighty degrees leaving their lengths unchanged.
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Student: which way did it rotate?

Corinne: Yeah, which way did it rotate?

Student 3: Hundred and eighty degrees

Student ?: Doesn’t matter <laughter>

Corinne: Doesn’t matter!  Okay.  All right.  What kinds of reflections are there in the world?

Student ?:  Odd and even

Corinne: Odd and even reflections.  Yeah

Student ?: Line and point

Corinne:  Line and point.  Okay. So we’ve had some examples of reflections in lines.  What do you mean by a reflection in a point?

[00:27:34.24] Student J:  You go through a single point (moves arms).  I don’t know how to describe it.  You put all the points through that point (moves arm through point made by finger of other hand ) however how far away from the point they are.

Corinne: That was a description

Student J: Okay. It was a muddled one though.

Corinne:  Say it again.  Say it again with confidence.

Student J: You reflect every point on the line through a point however far away from that point it is.

Corinne reflection: Geometric things are really hard to describe in words.  This student did a reasonable job.  We've had a running conversation in this class about saying things with confidence, so that was the reason for that prompt.  It's the thing which distinguishes pompous arrogant physicists from the rest of the population.  When they really do know what they're talking about I want them to be able to state their opinions with confidence.  I also would like them to recognize when it is being done to them, someone is stating something with confidence that may not be true.  Proof by intimation is a common scientific phenomenon.

Corinne:  Make any sense?  Okay. So.  Is yours a reflection? or a rotation?

Student 3: You can call it a reflection by a point at the origin.

[00:28:18.27] Corinne: Okay. So if you take the origin as a point of reflection, it’s a reflection.<yeah>  It’s also a rotation.

Corinne reflection: I want the students to see that clockwise rotation by pi and a counter clockwise rotation by pi and reflection through a point at the origin are the same transformation.  In Day 3, we'll talk about three dimensional transformations and in three dimensions you can distinguish between rotations which leave the z axis fixed and reflections in (or through) the origin, which take the z axis to minus itself.  

[Student ?] I wonder what it would do if the, like if it didn’t go through the origin, like if it was offset somehow?

Corinne: That’s a fantastic question.  It turns out that linear transformations, which is what these are, are only ever thought of as acting on vectors that start at the origin <okay>

Okay, you take

Because if you just write the vector in terms of its two components, what do you mean? <yeah> All right. This is a very important point. What do you mean by the two components?  You could start anywhere

[00:29:01.27]and go, if the vector is two, three, you could start someplace that’s not the origin at all and go two in the x direction and three in the y direction. Then if you have one of these operations acting on it, well if it’s a rotation it’s going to take this vector and put it like way over here somewhere, you know.  all right. linear transformations are always thought of as acting on vectors at the origin.  Okay. They just are.

Okay. So this is a reflection of a point, or it’s a rotation.  Its determinant is plus one.  Does that fit our hypotheses?  What were our hypotheses?

[00:29:40.06] 

Student ?: The lengths of the vectors should be the same (?) that one

Corinne: Are the lengths of your vectors the same?

Student ?:  (yeah every one)

Corinne: and?

Student M:  It doesn’t quite fit our hypotheses, because I said if a determinant was negative one, it would be a reflection. But the determinant was a positive one and it could be considered a reflection through a point.

Corinne: Okay

Student ?:  How do we know if it was a reflection or a rotation?

Student M: it’s both

Student? :  It could be either (so that doesn't prove) your hypothesis is wrong

Student A AND TA ARE DISCUSSING SOMETHING

[murmuring; Alyssa and Vince are discussing something; 

Student M: Maybe this is talking about reflection across a line instead of reflection across a point

Corinne: okay so we’re going to change our hypothesis a little bit

[00:30:16.05]

All right. Yeah  Physicists do this all the time.  You know, like just, if there are exceptional cases, then redefine what you meant.  It’s a good strategy.

Okay. What was that five.  Six!

Corinne reflection: The students started talking to each other.  They just did a nice job of taking responsibility for refining their own ideas.  (Student M) basically that maybe there's a difference between reflections across a line and reflections across a point and I attempt to affirm that if you can see a difference between two cases then maybe there will be different physical effects for those two cases.  There might be two separate rules and that's ok.

START HERE NEXT TIME.

Group 6:
[00:30:39.11] Student 4: Ah our matrix mapped all the lines, all the vectors on to y equals x because the upper row of the matrix is the same as the lower row of the matrix [1, 2, 1, 2]

Corinne: Okay. Is that why?

[overlay of Student A and the TA on camera 2 for next few minutes.  This transcript is from camera 1]

Student 4: (pauses while thinking) yes.

Student 4: that was a confident yes  (laughs)

Corinne:  Yes it was.  That was a correct and confident yes.  And you know what, you can intim, sometimes you can intimidate people out of asking how do you know (laughter) with a confident yes, but in this case you can’t intimidate me out of asking, so why it is that that the top row being the same as the bottom row matters?

Corinne reflection: This student claimed that their matrix mapped all the vectors onto the line y = x because the upper row of the matrix is the same as the lower row.  I suspected that he was remembering something from a linear algebra class but it might have been something that he noticed as he made the calculation.  I wanted him to expand on why he felt that that was true. SO I challenged the reason that he gave and rather than expanding on his reason he choose to simply confirm it. And then he caught himself and engaged in genuine metacognition.   In this case, he also chose not to engage in giving reasons but at least recognized his behavior for what it was.  Then he comments beautifully that he gave a 'confident yes' harking back to the earlier discussion where I was encouraging students to give their answers with confidence.  I acknowledged the act of metacognition but also clearly indicated that it wasn't going to get him out of having to explain his reasoning.

[00:31:24.13]{humor}This whole interaction is about both establishing some classroom norm and also about establishing a professional norm.  It wasn't in fact a confident yes but it was a querying yes and the students laughed after he said it in what I would interpret as a spirit of camaraderie, we've all been in this boat before.  But I gave him credit for striving for a confident yes.  So I gave the students a sneaky professional tip, which they acknowledged with laughter.

Establishing a classroom norm because it's part of this ongoing conversation about giving confident answers.  I want the students to give confident answers, but it's also establishing the classroom norm that doing that is not going to get you out of the expectation of having to explain what you mean.  In terms of professional norms, I stated this in the context of on some level helping them possibly pull the wool over someone else's eyes but I think there was a subtext of somebody may try this on you, giving a confident yes, to keep you from asking why and that they don't have to be hoodwinked in that way and they can respond in the way I did instead.  Why are things funny?  There's a level of diffusing a threat here.  Students are threatened by having to give reasons and discussing that threat on a meta level in this way and making them feel that they have professional resources for handling it at their finger tips to some extent diffuse the threat and that often results in laughter.

Student 4: Because the, so the vector on the right side has a top component and a bottom component and in the multiplication the only difference between finding the top component and the bottom component, is that you use the top row instead of the bottom row, right? So if both rows are the same, then both answers are the same.

[00:31:56.25]

Corinne reflection: watch the student use his hands in his description of what happened; for that matter, watch me use my hands.  This is a student who doesn't like to give reasons, probably because he feels that reasons have to be algebraic and when he gets a chance to use his hands to describe what's happening in the matrix multiplication he gives a beautiful answer, and this is one of the prime effects that I strive for in these first couple of paradigms.  Look at how much encouragement it took to get him to attempt.  It took all of these conversations about answering with confidence, to the class as a whole; it took lots of my giving explanations with hands; it took diffusing his terror with humor; and it took insisting that he answer, a couple of times.

Corinne: So I had a question yesterday which is why is matrix multiplication this funny rule?  Why is matrix multiplication this funny rule is because matrix multiplication is the rule that tells you how to transform vectors with a something or another.  All right.  Here was a really nice example, did you see his hands? He’s trying to lay the things on top each other,  saying that what you get for the first component of the transformed vector and what you get for the second component of the transformed vector are the same because the operation does the same thing with both the top row and the bottom row.  Does that make sense?  I think your explanation was better.

Corinne reflection: I hadn't read ahead.  So how much do I remember subliminally; this was2 1/2 years ago and how much is my response to what he said and did consistent? I think it's really important that I told him at the end that his answer was better than mine.

[00:32:36.10]

Student 5: So the determinant is zero, which is characteristic of the system is not, linearly [he shakes his hand, moves his arms indicating a line]

[LISTEN TO THIS AGAIN FROM ANOTHER CAMERA OR SMALL GROUP AUDIO]

Corinne: Go ahead.  

Student 5: linear algebra was a long time ago so

Corinne: Okay for some of the students in the class linear algebra hasn’t even happened yet 

Student 5: So the system is linearly dependent, and so it has a determinant of zero <yes>

And the vector that isn’t changed by our matrix is the zero vector.

Corinne reflection: So the student pauses before he says the word dependent, many students and I include myself in this category have trouble with which case is linearly independent and which case is linearly dependent; the words are somehow backwards from what logic would imply from the way they sound, but even though the student said linear algebra was a long time ago he was able to produce the right word in the right context.

Corinne: Is that the only one that’s not changed?  <yeah>

Okay. Are there any ones whose direction is not changed?

Student 5: Ah, any vector on the y = x line won't have its direction changed unless it was in the opposite direction<okay> so I’d say some vectors along the line y=x don’t have their direction changed.

Corinne:  Okay. Here’s an interesting question.

[00:33:39.29] If I take a vector like this and I multiply it by minus one, have I changed its direction? <no> no.  How many people say no?  How many people say yes?

 How many people say it depends on what you mean by ‘change direction’? <laughter>

00:34:05.07]  Okay.  This is something that we can just get into lots of semantic arguments about but they’re only semantic arguments.  Because we’re talking a lot about scalar multiplication, all right, and multiplying by a number, minus one is a number, minus two is a number, just like one and three and seventeen are numbers, scalar, this is, take this vector and multiply it by a scalar, just as multiplying it by two would be multiplying it by a scalar.

If you take a vector and you multiply it by any scalar, we will choose to call this in the same direction [points to line on board in negative direction] okay, the negative direction being the same direction. It’s like north and south. You can say north and south are in the same direction because you go up and down I-5 to go both north and south. All right, you could choose to say that north is a different direction from south, and if you’re actually out on the road it really matters whether you’re going north or whether you’re going south, okay, so it depends on the context when you want to call these the same direction or when you want to call them different directions.  In the context of linear algebra it’s easiest if you call these the same direction. All right so

[00:35:24.35] your comment that anything on the line y = x doesn’t change directions, none of them change direction, if you’ll let the opposite direction be the same direction.

Ooh. That was like, really nasty.  Okay. Questions?

Corinne reflection: This is a semantic problem. It's a real sticking point for many students.  In casual conversation, turning around and going the opposite way is going the other direction but in all math and physics contexts, we want multiplication by a negative scaler or even a complex scaler to not change what we mean by the direction of a vector.  This is a conversation I have to have with every class at least once.  It has never come up in this example before.  Always comes up in Day 2 or Day 4 sometime or I make it come up.  But in this case the student set up the conversation particularly well by claiming things that vectors that reverse their direction weren't then going in the same direction.  [evz: example of fitting content that is intended into the appropriate moment precipitated by a student]

[00:35:41.14] All right. So what about our hypotheses?  The determinant of the matrix is <zero> zero!  And what happened to the lengths of the vectors?

Student?: some of them changed and some of them didn’t change.

Corinne: Yeah, <all hell broke lose LISTEN TO OTHER CAMERA AND AUDIO TAPE - DID A MALE STUDENT REALLY SAY THIS?> all hell broke loose.  Okay.  And the determinant was zero so it’s neither a reflection nor a rotation which is certainly true.

Student ? ?  there’s no inverse

Corinne: Say more.

Corinne reflection: After each group presents or a couple of groups present, I returned to the theme of hypotheses about the meaning of the determinant.  In this case, I chose first to ask them about what happened to the lengths of the vectors because the student presentation had already referred to that.  This is I think the first of the examples that were presented where the lengths of the vectors changed.  

Student ? There’s no way to get back out of that once you, back to where you started, because you’ve just erased all information pretty much that the previous vector array had.

Student?: More than one vector can be transformed to the same thing. <yeah>

Student ?: so you don’t know which one

Corinne reflection: So earlier in the class I had given them a geometric definition of inverse, which was that it was the transformation that undid what you previously did and then there's this nice student/student interaction where they're refining almost their language, or both language and conceptual understanding around this case where you can't undo what you've done. (evz; that was an intended outcome of this particular problem) Determinant zero matrices that have no inverse.  Some of the students, including the one who just presented, probably know that as an algebraic statement from a previous linear algebra class.  I see this student/student conversation as their attempt to - they have these two different ideas, the algebraic and geometric descriptions of the same concept and they're working through how those descriptions are actually saying the same thing.

Corinne: So this is sometimes called a projection.  Sometimes the word projection is reserved for something a little more technical than this but I would call this a projection.  It’s like shadows.  You know.  Once you’ve collapsed everything down onto a line, once you’ve collapsed everything down into your shadow, lots of things could have the same shadow.

[00:36:45.00] START HERE NEXT MONDAY

TA: This whole black line was one, negative one, right? Are you talking about yours?  Okay.  Is that really a projection though?  Cause it’s perpendicular to the line that it’s being projected on, isn’t it?

Corinne: yeah, so what happened to one, negative one.

Student ?: It became negative one, negative one,

Student ?: it got rotated.

Student ?: it got rotated as opposed to 

Student ?: (projection would be zero)

Vince: I think of projections as shadows

Corinne reflection: The students including the TA rejected the transformation as being a projection because they think of projections geometrically as shadows and there is no possible position for the light source that would make this transformation give the appropriate shadows.  I find it interesting that as soon as they rejected the possiblity of shadows, that they jumped to the idea that this transformation represents a rotation.  Many students are willling to look at how a single vector is transformed and see that as a transformation rather than to look at how the whole set of vectors gets transformed.  In this particular example, the rotation interpretation is particulatly compelling because the particular vector that they're talking about doesn't in fact change length and (EVZ: and looks like it has been rotated by  pi over two).  I know so clearly that it's not a rotation that it doesn't look like a rotation by pi over 2 to me; I wouldn't apply those words to it.   And I find it intriguing that Emily and the TA and the students all are compelled to use that language.  It's a case of my expert knowledge interfering with an observation.  I can't see a natural description because I know from prior experience that that's not what's actually happening.  What I see is that everything gets smooshed or stretched or collasped or whatever it takes into the line y equals x but I use language that is more like the language of projection than the language of rotation.  The transformation is closer to being a projection than it is to being a rotation.  If you look at the set of all vectors, they're not all being rotated by the same amount.  Students are seeing two snapshots, one before a transformation and one after a transformation and I'm asking them the question, what happened?   If I see this star of vectors going to a line, I say they were smooshed or screnched or I will make up some word to describe some kind of collapsing.  But the students are willing to look at a single vector and say that it was rotated.  But that ignores what's happening to all the rest of them and is not what the game is all about.

New reflection: Last night I asked C to give me the slope intersept form of a line, y = mx + b, and the equation for the slope of a line,  ytwo - yone over xtwo - xone = m. He knew both of these equations.  I rewrote for him the equation for the slope to be the point slope form of the equation for a line, y - yone = m(x - xone), and I asked him to make this last equation look like the slope intercept form.  What he saw was a pair of linear equations in two unknowns and he immediately jumped to the template for solving for the point in common and so he substituted the slope intercept form into the point slope form and then rapidly got lost.  It wasn't until he'd pushed that template as far as it could go that he was willing to listen to me repeat the question and to see that I was actually asking him to do something quite different.  It's interesting to me that when I tried to explain this to Emily, she immediately knew what it was that I was going to ask him to do and insisted on pursueing that template before she was willing to listen what it was I had to say about what Colin had done.  I think in Colin's case this was an inmature version of something which will eventually evolve into a very successful professional sense making strategy, which is that when presented with an unfamiliar set of equations the professional will explore them until they've unpacked the meaning enough to have called up a cluster, until they've unchuncked a rich cluster of understandings about those equations, until they've seen how these equations are related to things they already know.  In Emily's case, she tapped in to the correct relationship and so by taking the time out to make sure she had unchuncked her knowlede about that situation in her head all of that chunked knowledge was in working memory and she was then better prepared to understand what it was I was going to say about the situation that might be new to her.  In Colin's case, he happened to tap in to the wrong relationship and so it was a useless side venture.  So, the connection to the class is that I knew clearly that the game that was being played, the template that was being acted out, was to look at what the transformation did to ALL the vectors all at the same time and furthermore, I knew that since it was a linear transformation that there were only four choices: rotation, reflection, projection, and combinations of the above.  The students didn't know that that's what the template was and so they were busy describing in a natural geometric sense what happened to a single vector.  So they correctly described something that wasn't relevant to the question at hand.  I think this happens all the time at this middle division level where students are getting their first exposure to a bizillian new templates.  Most homework problems involve the application of a new template but students don't know what they're being asked to do.  Faculty who know clearly which template they intended to evoke are startled by how many wrong directions the students can go.  (EVZ: see Alan Schoefeld's paper on mathematics decision making 1983 (Episodes and executive decisions in mathematics problem solving. In R. Lesh & m. Landau (Eds.), Acquisition of mathematical concepts and processes. New York: Academic Press.)  In this paper, he reports on interviews with small groups of students, pairs, who were asked to solve problems.  The students had comparable subject matter knowledge of the relevant mathematics. The difference between those who succeeded in solving the problem in twenty minutes and those who did not, seemed to be in their ability to step back and think about whether what they were doing was relevant.  Those who checked frequently (metacognitively) would stop going down the wrong path and try another one; others kept going without checking and spent the twenty minutes without making much progress.  I think this is relevant because it shows the tendency to jump to a template and try to use it rather than scanning available templates and selecting the most appropropriate one)  

Corinne earlier reflection:  Definition of projection is Psquared equals P.   Psquared (x, y) = P (x, y)

[Corinne walks from the front of the room toward the back wall where this group’s vectors have been drawn]

Student J: Cause it was on the line y equals negative x and then, so it’s projection onto the y equals x line is zero <yes> so it got rotated.

Corinne:  so you’re saying, okay, so here’s the discussion. 

[00:37:38.29]

[moves arm to demonstrate transformation of the vector] This arrow is coming down and getting screnched into this one, do I believe that? Ah

Student ?: (?)

TA: It was initially, I think the black arrow was initially this one [gets up and joins Corinne at the board and points to an arrow]

Corinne:  This one and it got rotated.  So it’s not quite a shadow.  When I said that projection is often used for a more technical term, a real projection is one if you’ve got a matrix A and you multiply it by itself, if you get A back again, if this operation is the same as this operation [pointing at the board], if you really are taking shadows, if you take something and you take its shadow, and then you take the shadow of the shadow, you sort of do it again, you haven’t done, the second time doesn't do anything new, this is technically a projection  [writes on board ‘projection’][AA=A]

[00:38:36.23] Sometimes the word projection is loosely used for the things that take a two dimensional space, all the two dimensional vectors and moosh them down into a one dimensional space; it’s a much looser use of this word.  Yeah.

Student ?:  Is there anything that they can be other than identity in that case  

Corinne: Yes. I’ll leave that as an exercise. Find me one that’s not the identity.   Okay?

Corinne reflection: I don't know what the mathematicians call these things with determinant zero.

Corinne reflection:  This student recognized that the identity satisfied Asquared equals A and that's not a projection in the sense I was trying to convey.  He could not imagine any other possibilities because this is an exceptional case that doesn't behave the ways the other cases do.  I clearly made the choice to go on rather than talk about this any further.  I possibiliy felt that we were running out of time so I put him off by saying there was extra credit or leave for an exercise.  

[00:39:08.05] Six!  

Seven!

Corinne: Read off the components

Student 6: one, two, nine, four and the determinant is fourteen.<negative fourteen> negative fourteen

It kind of looks like it flipped everything around the purple line and then expanded or lengthened the y component a lot more than the x component

Corinne: what did you say about the purple line?

Student 6: It’s kind of like it flipped everything around the purple line

Corinne: Okay. So the order of the colors got reflected <yes> but (pause) but the relationship of where the vectors were with respect to each other got changed.

Student ? they got kind of squished together

Corinne: Okay, they got squished together and what happened to their lengths?

Student ?; they all got longer I think

Corinne: They all got longer.  Okay.  So what are we going to do with our hypotheses now?

[00:40:05.04] Student?: it doesn't violate them

Corinne: Doesn’t violate any of our hypotheses.  Do we want to make any new hypotheses?

Student ?:  The square root of the determinant is the magnitude of the scalar for the old vectors

Corinne: So the square root of the determinant

Student ?: The absolute value

Corinne: So the square root of the absolute value of the determinant is the scalar for 

Student ?:  the scalar by which the old vectors get multiplied

Corinne: Okay so these lengths were all changed.  So that’s something we could check

Student : They're not consistent

Corinne: Okay. Good hypothesis. This is a really nice guess.  It turns out to not quite be correct in this case.  We can show that it’s not.

[00:41:01,21] Nevertheless, we can imagine that, you know, vectors with big numbers in it, sorry, matrices with big numbers in it, are going to stretch things a lot. Matrices with little numbers in them are going to scrench things down.  So something about the determinant is, so there probably is some hypothesis there but we don't quite have it.  Okay?  Group eight.  Oh wait.  Were there any vectors that were not changed by your transformation?  None?  I don’t believe that.

Student ?:  Well the purple was just lengthened but not

Corinne: Purple was, okay so there was one whose direction was unchanged. Okay Group number eight.

Corinne reflection: I think framing the discussion in terms of hypothesis making is still continuing to work well.  It turns out that there isn't a good answer to exactly what the value of the determinent means so I didn't push on it very hard.

Group 8:
[00:41:44.18]

Student 7: Ours was one, one, negative one, one.  All rotated 45 degrees this way [moves arm to show clockwise rotation] and multiplied by square root of two for their lengths

Determinant was two [points]
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Corinne:  Okay. So now we’ve got to see the reasons for your hypothesis.  Okay So now, all of yours were changed, the length was scaled by the square root of two, and the determinant was two and what else happened?

Student 7: it rotated forty five degrees clockwise

Corinne: Okay, So now, have we got a hypothesis?

[00:42:29.21]

Student ?:  Um, positive which is what we said makes it rotate, so it did rotate, um magnitude is not one and the lengths changed (?)

Corinne: Okay. And the lengths really were related to the square root of the determinant

Student ?  (?)

Corinne: anybody want to

Student ?: seems like the positive determinants, the order of the vectors is still the same, like just going around [moves arm in a circle] the order’s the same but with the negative determinants, the order’s flipflopped.

Corinne: okay

[00:43:13.21] Yeah.  That does seem to be happening.  

Corinne reflection:  I notice that more students are beginning to participate in the hypothesis making process.

Corinne: Okay. 

Group Number Nine.

Student 8: So our transformation just doubled the length of the vectors it didn’t rotate or reflect or anything because our matrix is just the identity matrix multiplied by two and any vector times the identity matrix is just the same vector back, just scale it by two.
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[00:43:51.13]

Corinne: Okay. So there’s another one where the square root of the determinant does tell you how much to scale by.  What are we going to do about that?  Do you like the square root rule or not?

Student ?: The square root rule seems to be valid when the, well I guess that’s not true, I was going to say it’s valid when the upper right or lower left components are zero because that’s just how some (?)  multiplication of the identity matrix (?)

Student?:  (?)

[00:44:32.13] Corinne: Okay 

Student ?: (?)MAYBE LISTEN ON THE OTHER CAMERA

Corinne reflection: I like this activity because I'm asking the students to figure out the role of the determinant.  There are some very simple examples with high symmetry like reflections through a line and rotations where the determinant is plus or minus one and the role of the value of the determinant is very clear.  But there's an example where there's a more generic matrix where the determinant is something like fourteen that doesn't have high symmetry and there isn't a clear rule for what the value of the determinant means.  The students are doing some combination of guessing from the examples they are currently seeing and remembering things from courses but since there isn't a simple rule they're having a hard time finding one.  For examples with high symmetry there is a rule but it just doesn't apply all the time.  If you try to solve a generic pure math problem, it's really hard to make a clear theorum that's true all the time but the math problems that are motivated by physical models, the mathematics is often cleaner, which is the story of my research life.  I've made a career out of looking at simple mathematical models that have a physical motivation and almost always the mathematics that I've needed is right exactly on the border of what's doable and not doable by a mathematician.

Corinne. We probably don’t have enough examples here.  Okay.  One more. 

Number ten.

[00:44:45.01]

Student 9:  Number ten.  The matrix was one, zero, zero, zero.  The determinant is zero.  And it projected everything onto the x axis.
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Corinne.  Okay. So here we've got another zero determinant one.

Student 9: All the lengths became either zero or one.

Corinne:  All the lengths became zero or one.

Students: (?)

Corinne: Did all the vectors have an x component of one?

Students (?) except for one which remained zero

Corinne: One, three.  Okay. All right. So what do zero determinants do?

Student? : Erase information it seems

Corinne: Zero determinants seem to erase information.  They’re taking two dimensional vectors down to one dimensional vectors.  <?>  What do determinant plus one’s do?

Student ? Rotate

Corinne: Rotate

Student ?:  Rotate counter clockwise

Students (?)

Corinne: We had two rotations here.

Students: (?)

Corinne: Determinant plus ones seem to rotate.  Determinant minus ones

[00:46:02.10]

Student ?: Reflect

Corinne: Reflect.  What kind of reflection?

Student ?: Line

Corinne: The line.  Because there was a determinant of plus one that was a reflection in a point

Student A:   (?) CHECK OTHER CAMERA!

minus x

Corinne: Did it?

Student A: I think so.

(?)

(student overlap)

Student A: (so it wouldn't have reflected anyway)

Student: But it did though. It’s opposite what it would be or what it was.  It used to be pointing down.

Student A: sorry (?) So it is a point. Okay.

Corinne reflection: What's interesting here is that I'm trying to get the students to help me summarize and I'm listing the possible cases one by one and asking them to give the conclusion, so for example I'm saying determinant one and they're supposed to give a description of which kinds of transformations will have determinant one.  For each example, there seem to be several student/student interactions where they're trying to clarify each other's language and/or correct each other's geometric description of the types of transformations.

Corinne: (?) and the size of the determinant seems to have something to do with stretching

[00:46:45.15] except this matrix over here.  Okay.  One of the dangers of making hypotheses from matrices which are carefully chosen, simple ones that have only ones and zeros, is that you can miss out on the generic case.  The generic case is a, most matrices look like this, right?  This is just some set of random numbers.  Most matrices will look like this.  We can start to make rules about the ones that are special but this generic one seems to be blowing some of our rules but not all of them.

[00:47:23.18]

What we’re going to do over the next couple of days is try to see if we can prove things  about various kinds of rules. So does determinant zero really project in the looser sense?  Are determinants plus ones always rotations?  Are determinant minus ones always reflections?  When can we know that the square root of the determinant tells us something about stretching?

Corinne reflection: Here I'm setting up the expectation that we will actually try to prove more formally some of the results that they're beginning to suspect are true.  But this will happen over the next few days.  Then I go on to change the subject to what I really want the day to be about.

Corinne: Now I’ve been asking you as you’ve been going around whether there were any vectors that are not changed by the transformations.  Have you been paying attention?  Okay?

What about rotations?  Do they have vectors that are not changed?  What about reflections?  Do they have vectors that are not changed?

Student ?: Eigenvectors

Corinne: What about eigenvectors?

Student ?: They are the eigenvectors, the ones whose directions are unchanged by the matrix.

Corinne: Who has not seen, never heard of eigenvectors? Only a couple of you.  Then we will introduce it for you.  For those of you who have heard of them, eigenvectors of a transformation are just the vectors whose directions is not changed by the transformation.  That’s what an eigenvector is geometrically. And that’s the idea of an eigenvector that I want you to hold with you all the way through the winter term.  An eigenvector is something that is not changed by the transformation, not changed; it might be stretched, but its direction isn’t changed as long as we count negative directions as being the same direction, that’s why we want to do this [pointing to the line on the board which she had used to talk about the opposite direction being the same direction]. All right?

[00:49:13.17]

Corinne: What is the name for how much the eigenvector is stretched?.

Student ?: Eigenvalue

Corinne: The eigenvalue.  So the job for probably Thursday’s class will be, if I give you a matrix, you just had a few vectors to check, right?  If I give you a matrix, how do you find the vectors whose direction is not changed by the transformation?  How do you find the eigenvectors and the eigenvalues for a generic matrix?  How do you find them.

[00:49:45.12]

So it looks like rotation matrices have no eigenvectors.  Do you believe that?  Those of you who have taken linear algebra, a two by two matrix has how many eigenvectors?

<two> Two. Always?

Students:

Corinne: Sometimes repeating. Could be zero.  There is some rule about how many eigenvectors.  Some kinds of two by two matrices always have two eigenvectors.  All right.  Rotation matrices actually do have two eigenvectors.  They’re both zero or <complex> they’re both complex.  All right. The eigenvectors of rotation matrices are actually complex.  Oh no!  Which way do they point?  

Students:

Corinne: (holds up hands, shakes head) yeah, which is, if this is the x axis, what is the i component in this direction? [points horizontally]  Okay.  Can’t do it with physical arrows in space.  You can do it in quantum mechanics, which will be just one of those things you’ll have to say with confidence.  Okay? Good.  We’ll see you tomorrow.

[00:51:08.22]

Corinne reflection: I didn't this year ask them to draw it.  It's a well known problem and it's related to my traditional research, so it's a problem that I think about a lot.  My research is all about three component octonionic columns.  But I think that this year may be the first year that I actually asked the student to draw the column, typically called a spinor in quantum mechanics.  In this context it would just be the vector.  I think there is a pedagogical difference between asking the students which way does it point and asking them to draw it.  You can make a column with i's, write it down algebraically and it has a physical meaning in quantum mechanics but not one you can draw.  It takes certain kind of chutzpah to ask the students to do something that's not possible but it's very effective, if you can get them to not be resentful about it.

